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Preface

It took almost four years to complete this dissertation which is about the the-
ory on removable edges in 4-connected graphs. After an introductory chapter
the readers will find six chapters that contain these topics within this research
field. These topics have more or less strong connections with each other. Some
of results have been published in journals, see the following list.
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Connected Graph, Discrete Mathematics 287(2004), 103-111.(Chap-

ter 4)
[3] J. Wu, X. Li and J. Su, The Number of Removable Edges in 4-

connected Graphs, Journal of Combin.Theory Ser.B, 92 (2004), 13-
40. (Chapter 6)
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Chapter 1

Introduction

Research on structural characterizations of graphs is a very popular topic
in graph theory. The concepts of contractible edges and removable edges of
graphs are powerful tools to study the structure of graphs and to prove prop-

erties of graphs by induction.

In 1961, Tutte [40] gave a structural characterization of 3-connected graphs
by using the existence of contractible edges and removable edges. He proved
that every 3-connected graph with order at least 5 contains contractible edges,
and any a simple 3-connected graph nonisomorphic to K4 can be obtained
from the wheels by sequentially adding edges and by what Tutte called split-
ting vertices, which is Tutte’s famous Wheel Theorem. This is the earliest
result concerning the concept of contractible edges and removable edges. In
addition to Tutte’s results on the construction of 3-connected graphs, Bar-
nette [4, 5, 6] gave three different methods to construct 3-connected graphs by
using removable edges, 3-cycle contraction and cycle-contraction. As a sup-
plement of Tutte’s result, in 1982, Negami [28] obtained the following results:
Let K be a 3-connected graph which is not a wheel. Then G is a 3-connected
graph which can be contracted to K if and only if G can be obtained from
K by repeatedly adding and splitting edges . In 1978, Mader [22] gave a re-
duction method to construct k-edge-connected graphs. In 1979, Chaty and
Chein [8] gave a method to constructe minimally 2-edge-connected graphs.

In 1989, Zhu [46] gave a method on how to construct a minimally k-edge-
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connected graph. Zhang, Guo and Chen [47] described the construction of
critically k-edge-connected graphs. In 1994, based on the work of Habib and
Peroche [14], Peroche etc. [31] succeeded to construct the minimally 4-edge-
connected graphs. In 2003, Hennayake etc. [15] gave a method to construct a
minimally (k, k)-edge-connected graphs, where a connected graph G is (k; k)-
edge-connected if the k-edge-connectivity of G is at least k. Recently, Kriesell
[18] presented a method to construct the class C' of finite simple 3-connected
triangle-free graphs from the 3-regular complete bipartite graph K33 and the

skeleton of a 3-dimensional cube.

A well-known application of the existence of contractible edges in 3-connected
graphs was given by Thomassen [39]. By induction he gave a very simple
proof for the three well-known theorems on planar graphs, i.e., Kuratowski’s
Theorem: a graph is planar if and only if it does not contain any subgraph
homeomorphic to K5 or K3 3; Fary’s Theorem: every planar graph has a plane
linear representation; and Tutte’s Theorem: every 3-connected graph has a
plane convex representation. The earlier proofs of the three theorems were

very complicated and tedious.

Another successful application of contractible edges is as follows. In 1974,
Lovész [21] posed the conjecture: let G be an n-connected graph and F' be
a set of independent edges of G such that |F| = n. If n is even or G — F' is
connected, then G has a cycle containing all the edges of F. Ando, Enomoto
and Saito [2] showed that the conjecture is true for n = 3 by using contractible

edges in 3-connected graphs.

From the above examples we can see the importance of studying the ex-
istence and distribution of contractible edges and removable edges of graphs.
Holton, Jackson, Saito and Wormald [16] studied the number of removable
edges in a 3-connected graph and their distribution. Su [32] obtained a sharp
lower bound on the number of removable edges in 3-connected graphs and also
gave a structural characterization of 3-connected graphs for which the lower

bound is sharp. Fouquet, Thuiller [12] studied removable edges in 3-regular
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graph. Contractible edges and removable edges graphs have been studied ex-
tensively in the literatures, see also [23-30, 32, 33], especially [19] for a survey

on contractible edges.

In 1974, Slater [36] presented a method for constructing 4-connected graphs.
He proved that a 4-connected graph can be obtained from Kj by using the
following operations repeatedly: (1) adding edges; (2) 4-soldering; (3) 4-point-
splitting; (4) 4-line-splitting; (5) 3-fold-4-point-splitting. Later, Yin [43] gave
a more convenient method to construct 4-connected graphs by using removable
edges and contractible edges. Yin proved that there always exist removable
edges in a 4-connected graph G, unless G is a 2-cyclic graph with order 5 or 6.
A 2-cyclic graph G of order n is defined to be the square of the cycle C,,, C?
is obtained from C), by adding edges between all pairs of vertices of C,, which

are at distance 2 in C,,. See Figure 1.1.

Figure 1.1:

He also showed that a 4-connected graph can be obtained from a 2-cyclic
graph by the following four operations: (i) adding edges, (ii) splitting ver-
tices, (iii) adding vertices and removing edges, and (iv) extending vertices.

Recently Ando, Egawa, Kawarabayashi and Kriesell [3] studied the number of
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contractible edges in 4-connected graph. In this thesis we shall focus on the

study of removable edges in 4-connected graphs.

In Chapter 2 we introduce some results obtained by Yin. Since those re-
sults are published in Chinese, for convenience, we repeat them in Chapter 2
together with their proofs. However, we use some new ideas in some of those

proofs.

In Chapter 3 we study how many removable edges may exist in a cycle of a
4-connected graph, and we give examples to show that our results are in some

sense the best possible.

In Chapter 4 we obtain results on removable edges in a longest cycle of a
4-connected graph. We also show that for a 4-connected graph G of minimum

degree at least 5 or girth at least 4, any edge of GG is removable or contractible.

In Chapter 5 we study the distribution of removable edges on a Hamilton
cycle of a 4-connected graph, and show that our results cannot be improved

In some sense.

In Chapter 6 we prove that every 4-connected graph of order at least six
except C? has at least (4|G|+16)/7 removable edges. We also give a structural

characterization of 4-connected graphs for which the lower bound is sharp.

In Chapter 7 we study how many removable edges there are in a spanning
tree of a 4-connected graph and how many removable edges exist outside a
cycle of a 4-connected graph. We also give examples to show that our results

can not be improved in some sense.
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1.1 Some Basic Notations and Definitions

In this section we give some basic terminologies, notations and definitions

which appear in this dissertation.

Without specific statement, in this thesis G always denotes a 4-connected
graph. The vertex set and edge set of G are denoted, respectively, by V(G) and
E(G). The order and size of G are denoted, respectively, by |G| and |E(G)].
For x € V(G), we simply write x € G. The neighborhood of z € G is the
set of all vertices of G that are adjacent to z, denoted by I'g(x). The degree
of z is|T'¢(z)|, and is denoted by dg(z). If = and y are the two end-vertices
of an edge e, we write e = zy. For a nonempty subset N of V(G), the in-
duced subgraph by N in G is denoted by [N]. Let A, B C V(G) such that
A# O # Band ANB=0. We define [A,B] = {zy € E(G) | z € A,y € B}.
If H is a subgraph of G, we say that G contains H. For a subset S of V(G),
G — S denotes the graph obtained by deleting all the vertices in S from G
together with all the incident edges. If G — S is disconnected, we say that S
is a vertex-cut of G. If |S| = s for such an S, we say that S is an s-vertex-cut.
A cycle of G with [ vertices is simply called an [-cycle of G. The girth of a
graph G is the smallest length of among cycles of G, and denoted by ¢(G).

Definition 1.1.1. Let G be a 4-connected graph. For an edge e of G, we
perform the following operations on G: First, delete the edge e from G, result-
ing in the graph G — e; Second, for each vertex x of degree 3 in G — e, delete
x from G — e and then completely connect the 3 neighbors of x by a triangle.
(See Figure 1.2). If multiple edges occur, we use single edges to replace them.
The final resultant graph is denoted by G & e. If G © e is still 4-connected,
then the edge e is called removable; otherwise, e is called unremovable. The
set of all removable edges of G is denoted by Egr(G), whereas the set of un-
removable edges of G is denoted by En(G). The numbers of removable edges

and unremovable edges are denoted by eg(G) and en(G), respectively.

Definition 1.1.2. A 2-cyclic graph G of order n is defined to be the square
of the cycle (), i.e., G can be obtained from C,, by adding edges between all
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Figure 1.2:

pairs of vertices of C,, which are at distance 2 in C,,.

Definition 1.1.3. Let G be a 4-connected graph, and suppose that for
e=uxy € E(G) and S C V(@) such that |[S| =3, G — e — S has exactly two
(connected) components, say A and B, such that |A| > 2 and |B| > 2. Then
we say that (e,.S) is a separating pair and (e, S; A, B) is a separating group, in
which A and B are called the edge-vertez-cut fragments. See Figure 1.3.

Definition 1.1.4. Let G be a 4-connected graph, for e = zy € E(G) and
S C V(G) such that |S| = 3, G — e — S has exactly two (connected) compo-
nents, say A and B with |A| > 2 and |B| > 2. If |A| = 2, then A is called
an edge-vertex-cut atom. For an edge-vertex-cut atom A, let A = {z, z} and
S ={a,b,c}. If ax,bx € E(G),cx ¢ E(G), then A is called a I-edge-vertex-cut
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Figure 1.3:

atom; whereas if ax, bz, cx € E(G), then A is called a 2-edge-vertez-cut atom.

Both a 1-edge-vertex-cut atom and a 2-edge-vertex-cut atom are called 2-atom.

Since in a 4-connected graph every vertex has degree at least 4, it is easy to
see that if A is an edge-vertex-cut atom, then A is either a 1-edge-vertex-cut

atom or a 2-edge-vertex-cut atom.

Definition 1.1.5. Let G be a 4-connected graph, Ey C En(G) such that
Ey # O and let (zy, S; A, B) be a separating group of G such that x € A and
y € B. If xy € Ey, then A and B are called Ey-edge-vertex-cut fragments. An
Ey-edge-vertex-cut fragment is called an Ey-edge-vertez-cut end-fragment of G
if it does not contain any other Ey-edge-vertex-cut fragment of G' as a proper

subset. Similarly, if |A| = 2, then A is called an FEy-edge-vertez-cut atom.

It is easy to see that any FEjy-edge-vertex-cut fragment of G contains such

an end-fragment.

Definition 1.1.6. Let xy be an edge of a 4-connected graph G, and let G’ be
the simple graph obtained from G by first removing the edge zy, then iden-

tifying  and y by introducing a new vertex v,, and finally making the new
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vertex v,, adjacent to all vertices that are originally adjacent to  or y. We
call the edge zy contractible if G’ is still 4-connected; otherwise, it is called

non-contractible. The set of all contractible edges of G is denoted by E¢(G).

Let G be a 4-connected noncomplete graph. Then it is easy to see that an
edge e = xy is non-contractible if and only if there exists a vertex-cut of G

with 4 vertices containing x and y.

1.2 Terminology and Notations for Subgraphs
with Special Structures

For convenience, we introduce the following special terminology and notations

for subgraphs with special structures in a graph G.

Definition 1.2.1. Let G be a 4-connected graph and H a subgraph of G such
that V(H) = {a, x1, z2, x3, T4, V1, V2,03, 04 } and E(H) = {axy, axs, axs, axy, 122,

Tol3, T3Tg, TsT1, T101, Loz, T3V3, T4vyt. If H satisfies the following conditions

(1) de(a) = de(w;) = 4 for i = 1,2,3, 4.

(ii) axy, azxq, axs,ary € En(G) and x129, xox3, T3xy, v471 € ER(G).

then H is called a helm, and the edges ax;, for i = 1,2,3,4, are called inner
edges of H, the vertices a,x;, for i = 1,2,3,4, of a helm H are called inner

vertices of H. See Figure 1.4.

Definition 1.2.2. Let G be a 4-connected graph and H a subgraph of GG such
that V(H) = {a,b,x1, 29, -+, 2113} and E(H) = {2129, o253, - - -, T1427143, aTo,
axs,- -, arpio, bre, brs, -+ bry o} with [ > 1. If H satisfies the following con-

ditions

(i) zjxi41 € En(G), fori=1,2,--- 1+ 2,
(ii) az;,bx; € Eg(G), for j =2,3,---,1+2,
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X1

Removable edge

Unremovable edge

Figure 1.4:
(ili) dg(z;) =4, for j =2,3,---, 1+ 2.
then H is called an [-bi-fan.

An [-bi-fan H is said to be maximal if Tg(z1) # {a, b, 2, u} and T'g(z143) #
{a,b,x119,v} for any u,v € G. The edges z;x;41 for j =2,3,--- [+ 1 of an
[-bi-fan H are called inner edges of H, and the vertices x; for j = 2,3,---,{+1

of an [-bi-fan H are called inner vertices of H. See Figure 1.5.

Definition 1.2.3. Let G be a 4-connected graph and H a subgraph of G
such that V(H) = {xlv L2 s X142, Y1, Y2, - ayl+2} and E(H> = EI(H) U
Ey(H), where Ey(H) = {172, 1273, , T11T142, Y1Y2, Y2Y3, - -+ Yip1Yire} and
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X3

a b
Removable edge

Unremovable edge

Figure 1.5:

Ey(H) = {y11a, 2Ya, Yos, -+, YiTis1, Tis1Yi+1, Yis1 142} Then, H is called
an [-belt if the following conditions are satisfied

S

i) Ey(H) C Ex(G) and Ey(H) C Er(G),
(i) d(z;) = d(y;) =4, for i =2,3,-- 1+ 1:j=2,3,---1+1.

An [-belt H is said to be maximal if T'¢(y1) # {21, 22, y2,u} and T'g(zy40)
# {111, Y11, Yip2, v} for any w,v € G. The edges z;xi41,y;yj41 for i =
2,3,---,l+1;7 = 1,2,---,1 of an [-belt or a maximal [-belt H are called
inner edges of H, and the vertices x;,y; for i =2,3,---,[+1;5 =2,3,--- 1 +1

of an [-belt H are called inner vertices of H. See Figure 1.6.

Definition 1.2.4. Let G be a 4-connected graph and H a subgraph of GG
such that V(H) = {x1, 22, -, Tyy0, X143, Y1, Y2, -+, Yiao} and E(H) = Ey(H)U
Ey(H) where Ey(H) = {122, Z9T3, + +, T142T143, Y1Y2, Y2Y3, -, Yr41Y142} and

Ey(H) = {y122, T2yo, Yoz, YTig1, Ti1Yit, Yir1Ti42, Tisolirap with 1 > 1
with [ > 1. Then, H is called an [-co-belt if the following conditions are satis-
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X1 X2 X3 Xj+1 Xi+2
W/
._
Y1 Y2 Y3 Yi+1 Yi+2
Removable edge

Unremovable edge

Figure 1.6:

fied

(i) E1(H) C En(G) and Ex(H) C ER(G),
(i) de (i) = da(y;) =4 for i = 2,3, 1 +2;j =2,3,--- [+ 1.

An [-co-belt H is said to be maximal if T (y1) # {21, 2, y2, u} and Tg(yi12)
# {%i12, Yiy1, vips, v}, for any w,v € G. The edges z;z;41,y;yj41, for i =
2,3,---,l+1;,7=1,2,---1+1, of an [-co-belt H are called inner edges of H,
and the vertices z;,y; fori =2,3,---,14+2;5 =2,3,--- 1+ 1 of an [-co-belt H

are called inner vertices of H. See Figure 1.6.

Definition 1.2.5. Let GG be a 4-connected graph and H a subgraph of GG such

that V(H) = {1, 2, T3, Y1, Y2, Y3, ya} and E(H) = {2129, 0223, Y1Y2, Y213, Y3y,
T1Ya, TolYo, TolYs, T3ys}. Then H is called a W-framework if the following con-

ditions are satisfied:

(1) TiZit1 € EN<G)7 for i = ]-7 27
(ii) da(72) = da(y2) = da(ys) = 4,
(ili) yous, T1Y2, Toys, T2Ys, T3ys € Er(G).
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X1 Xo X3 Xj+1 Xi+2 X+3
— o
Y1 Y2 Y3 Yi+1 Yi+2
Removable edge

Unremovable edge
Figure 1.7:

The edges x1x9, rox3 of a W-framework H are called inner edges of H, the

vertex xy of a W-framework H is called the inner vertex of H. See Figure 1.8.

X1 Xo X3
@ L4
Y1 Y2 Y3 Ya
Removable edge
Unremovable edge
Figure 1.8:

Definition 1.2.6. Let G be a 4-connected graph and H a subgraph of G such
that V(H) = {1, ¥2, 23, Y1, Y2, Y3, ya} and E(H) = {2129, 2223, 1123, Y1Y2, Y2Us,
Y3Ys, T1Y2, Loy, T2Ys, T3ys}. Then H is called a W’ -framework if the following

conditions are satisfied:
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(i) zizip1 € En(G), for i = 1,2,
(ii) dg(z2) = dg(x3) = da(y2) = da(ys) = 4 and dg(x1) > 5,
(ili) yoys, T1Y2, T2ys, T3ys, T123 € ER(G), 22y € En(G).

The edges x122, Tox3, xays of a W -framework H are called inner edges of
H, the vertices xo, x3 of a W/ -framework H are called inner vertices of H. See

Figure 1.9.

X1 X3
4  J
Y1 Y2 Y3 Va
Removable edges
Unremovable edge
Figure 1.9:

1.3 Results on Removable Edges in 4-Connected
Graphs

First of all, we list some known results on removable edges of 4-connected

graphs, which can be found in [43].

Theorem 1.3.1. (YIN 1999) Let G be a 4-connected graph with |G| > 7.
An edge e of G is unremovable if and only if there is a separating pair (e, S),

or a separating group (e, S; A, B) in G.
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Theorem 1.3.2. (YIN 1999) Let G be a 4-connected graph with |G| > 8
and let (zy, S; A, B) be a separating group of G such that x € A, y € B and
|A| > 3. Then every edge in [{x},S] is removable.

Corollary 1.3.1. (YIN 1999) Let G be a 4-connected graph with |G| > 8.

Then every triangle of G contains at least one removable edge.

Theorem 1.3.3. (YIN 1999) Let G be a 4-connected graph with |G| > 7.
If for an unremovable edge xy, i.e., vy € En(G), there is a separating group
(xy, S; A, B), then all the edges in E([S]) are removable, i.e., E([S]) C Er(G).

In addition, Yin studied the number of removable edges and contractible
edges. Let H be the set of contractible edges or removable edges of GG, and let
k denote the number of helms, which are contained in the 4-connected graphs.
Then the following result holds:

Theorem 1.3.4. (YIN 1999) Let G be a 4-connected graph with order n,
(n>5), G# C2 and G # CZ, m is the number of vertices of degree four, then
|H| > [(3n+ Tk —2m) /2] > [n/2].

In this dissertation we first study the distribution of removable edges in

some special subgraphs of a 4-connected graph.

In Chapter 3 we study the distribution of removable edges in a cycle in a
4-connected graph. For this purpose we need the following technical lemma

the proof of which appears in Chapter 3.

Lemma 1.3.1. Suppose that G is a 4-connected graph, (xy,S; A, B) is a
separating group of G such that x € A,y € B, S = {a,b,c} and A is a 1-edge-
vertex atom, say A = {x,z}. Then precisely one of the following conclusions

holds:

(i) ax, bz, zx € Eg(G).

(il) ax € En(G),d(x) =d(2) =4,bx, zx,az € Er(G), zc € Ex(G).
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(iii) ax € En(G),ay € Egr(G). Moreover, if d(a) = 4,d(y) > 5, then
az,zb, zx,by € Er(G),bx € Ex(G); if d(a) > 5,d(y) = 4, then by, bx,bz,az €
Er(G),zzx € Ex(G); if d(a) = d(y) = 4, then az,bz,by € Er(G),bx,zx €
En(G); ifd(a) > 5,d(y) > 5, then az, zz,bx,by € Er(G).

(iv) ax,bx,ac,bc € Er(Q),zx,zc € En(G),{za,2b} N Ex(G) # O,d(x) =
d(c) =d(z) = 4. If za € Enx(G), then the following conclusion holds: d(b) = 4,
and if d(a) = 4, then bz € En(G); if d(a) > 5, then bz € Eg(G). If
bz € Enx(G), then the following conclusion holds: d(a) = 4, and if d(b) = 4,
then az € En(G); if d(b) > 5, then az € Er(G).

(v) azx,bx,az,bz € Eg(G),zz € En(G),d(x) = d(z) = 4.

(vi) bz € En(G),by € Egr(G). Moreover, if d(b) = 4,d(y) > 5, then
bz, za, zx,ay € Eg(G),ax € Ex(G); if d(b) > 5,d(y) = 4, then ay,az,az, bz €
Er(G),zx € Ex(G); if d(b) = d(y) = 4, then bz,az,ay € Er(G),ax,zx €
En(G); if d(b) > 5,d(y) > 5, then bz, zz, ax,ay € Er(G).

(vil) bx € En(G),d(z) =d(z) = 4,ax, zx,bz € Er(G), zc € Ex(G).

From the above lemma, we directly obtain the following conclusion.

Corollary 1.3.2. Let G be a 4-connected graph with (zy, S; A, B) a separating
group of G such that x € A,y € B, S = {a,b,c}. Let A be a 1-edge-vertex-cut
atom, say A = {x,z}, If {zxa,xb,zz} N Ex(G) # O, then x is an inner vertex
of one of the following subgraphs in G: helm, [-co-belt, [-belt, W'-framewortk,

W -framework or l-bi-fan.

For a 2-edge-vertex-cut atom, we get the following result of which proof is
in Chapter 3.

Lemma 1.3.2. Let G be a j-connected graph, (vy,S; A, B) a separating
group of G, A a 2-edge-vertex-cut atom, say A = {x,z} and S = {a,b,c}.
Then ax,bz,cx,xz € Er(Q).
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For convenience we denote by R the set of all helms, maximal [-bi-fans,
maximal [-belts, maximal [-co-belts, W-frameworks and W’-frameworks of a

graph G.

Definition 1.3.1. Let C be a cycle of a 4-connected graph G and H a sub-
graph of G belonging to R. If C' contains an inner vertex of H, then we say
that C passes through H.

In Chapter 3 we will prove that for a cycle in a 4-connected graph, the

following conclusions hold.

Theorem 1.3.5. Let G be a 4-connected graph and C' a cycle of G. If C' does
not pass through any subgraph of G belonging to R, then there are at least two
removable edges of G in C.

Theorem 1.3.6. Let G be a 4-connected graph and C a cycle of G. If C
passes through only one subgraph of G belonging to R, then there exists at least

one removable edge of G in C.

We also present examples in Chapter 3 to show that in some sense the

above two results are the best possible.

We obtain the following result on removable edges and contractible edges
in Chapter 4:

Theorem 1.3.7. Let G be a 4-connected graph with |G| > 8 such that
0(G) > 5 or g(G) > 4. Then any edge of G is removable or contractible.

For removable edges on a longest cycle in a 4-connected graph, we get the

following results in Chapter 4.

Definition 1.3.2. Let G be a 4-connected graph and H a subgraph of G. If
V(H) =Au,v,z,2}, E(H) = {zz,ur,vr,uz,vz} and d(x) = d(z) = 4, then H
18 called a bi-triangle, and x,z are called its inner vertices. If a cycle C' of G

contains the vertices u,v,x and z, we say that C' passes through the bi-triangle
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H.. See Figure 1.10.

z

bi-triangle

Figure 1.10:

Theorem 1.3.8. Let G be a 4-connected graph with |G| > 8. If a longest
cycle C' of G does not pass through any bi-triangle, then C' contains at least

two removable edges.

Theorem 1.3.9. Let G be a 4-connected graph with |G| > 8. If a longest
cycle C of G passes through at most one bi-triangle, then C contains at least

one removable edge.

In Chapter 5 we study the distributions of removable edges in Hamilton
cycles in 4-connected Hamilton graphs. The following lemma of which proof

can be found in Chapter 5 is necessary for our main results.

Lemma 1.3.3. Let G be a 4-connected graph, Ey C Enx(G) and Ey # Q.
Let (xy,S; A, B) be a separating group of G such that v € Ajy € B,S =
{a,b,c},xy € Ey. If A is an Ey-edge-vertex end-fragment of G, and |A| > 3,

then one of the following conclusions holds:
(i) (E(A)U[A,S]) N By = 0.

(ii) There exists a separating group (z'y', S'; A, B") of G such that 2’ € A’y €
B',z'y € Ey, B' is a 1-edge-vertez-cut atom, and |ANB'| =|B'NS| = 1.
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(iii) There exists a separating group (zy',S'; A, B') of G such thatx € A',y €
Bxy € By, ANA ={z},|[AnS | =1, AnB ={y'},|B'NS|=2.

Based on the above lemma, we show the following result on removable

edges in a Hamilton cycle of a 4-connected Hamilton graph in Chapter 5:

Theorem 1.3.10. Let G be a 4-connected graph with |G| > 7, C a Hamilton
cycle of G. If C' does not pass through any 2-atom of G, then there are at least

three removable edges on C.

The following lemma of which proof is in Chapter 5 is used in the proof of
the Theorem 1.3.11.

Lemma 1.3.4. Let G be a 4-connected graph with |G| > 7, and let C' be a
cycle which exactly contains one inner vertex of some maximal [-bi-fan H, and
C' does not pass through any other subgraph belonging to R, then there are at

least two removable edges on C'.

Theorem 1.3.11. Let G be a 4-connected graph with |G| > 7, C a Hamilton
cycle of G. If C passes through only one subgraph (excluding mazximal [-belt
or l-co-belt) belonging to R, and doesn’t pass through any mazimal [-belt or

[-co-belt, there are at least two removable edges on C'.

In Chapter 6, we obtain a lower bound on the number of removable edges
in a 4-connected graph, and give a structural characterization of 4-connected
graphs for which the lower bound is sharp. In order to derive these results
we first prove the following lemma in Chapter 6 and deduce two other results

which we list here without proofs.

Lemma 1.3.5. There is no common inner edge between any two different

subgraphs of G in R.

The proof of the main result in Chapter 6 is by induction, and is based on

the following two results.
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Theorem 1.3.12 Let G be a 4-connected graph and F a maximal [-bi-fan of
G with | > 2. Then there exists an edge €' in F such that ¢ € Egr(G) and
€R(G) > ER(G S, 6,) + 1.

Theorem 1.3.13 Let GG be a 4-connected graph and L a mazimal [-belt of
G with | > 3. Then there exists an edge €' in E(G) such that eg(G) >
€R(G © 6,) + 2.

In the next paragraph we are going to list another result obtained in Chap-

ter 6. Before we can formulate this result we need a definition.

A 4-connected graph G is said to have property (x) if there does not exist
any edge zy € Er(G) such that both d(z) > 5 and d(y) > 5.

If the subgraph of a 4-connected graph G induced by En(G) is a forest,
then it is easy to get the bound of the number of removable edges of G; if a
4-connected graph G contains a cycle C' such that E(C) C Ex(G), then we
have the following result holds.

Theorem 1.3.14 Let G be a 4-connected graph with property (x), |G| > 8,
and let C" be a cycle of G. If C' does not contain any removable edges of G,
then G has one of the following structures as subgraph: l-belt, l-bi-fan (I > 1),
W -framework, W'-framework or helm, such that the subgraph intersects C' at

some of its inner edge(s).

The following three results are used in the proof of our main results.

Theorem 1.3.15 Let G be a 4-connected graph with property (x). Suppose, H
is a helm of G as in Definition 1.2.1. Let V(H) = {a, x1, T2, T3, T4, V1, V2, U3, Vs }
and let P = y1y2 - - - yp, be a path in [Ex(G)] with h > 2 such that a ¢ V(P) and
{y1,yn} C{x1, 29,23, 24}. Then G contains one of the following structures Hy
as its subgraph: 1-belt, I-bi-fan, (I > 1), W-framework, W'-framework or helm,
such that at least one inner edge of Hy belongs to E(P U H), and H and H,

do not have any common inner edge.
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Theorem 1.3.16 Let G be a 4-connected graph with property (x) and Ly a
mazximal 1-belt of G as in Definition 1.2.3 such that V(Ly) = {1, x2, 3, Y1, Y2,
ys}. Suppose that P = Lily---1, is a path of [Ex(G)] such that {l1,l,} C
{z1,23,11,y3} and {z2,y2} NV (P) = O. Then G contains one of the following
structures L' as subgraph: 1-belt, (I > 1), helm, W -framework, W'-framework
orl-bi-fan, (I > 1), such that at least one inner edge of L' belongs to E(PUL;).

Theorem 1.3.17 Let G be a j-connected graph with property (x) and L} a
mazximal 1-co-belt of G as in Definition 1.2.4 with V(L) = {x1, x2, T3, T4, Y1, Yo,
ys}t. Suppose that P = lyly-- -1, is a path of [En(G)] such that {xa, 3, y2} N
V(P) = O and {l1,l,} C {x1,24,v1,y3}. Then, G contains one of the fol-
lowing structures as subgraph: l-belt, (I > 1), W-framework, W'-framework,
helm or l-bi-fan, (I > 1), such that it has some inner edge(s) belonging to E(P).

In the following we describe the construction of graphs for which our lower

bound is sharp:

Let M be a 5-wheel such that V(M) = {a,z,y, z,v} and a is its center. Let
T, T, T3, Ty be four trees such that for each i € {1,2, 3,4}, T; has k vertices of
degree one and |T;|—k vertices of degree four. Let the vertices of degree four be

T; |-k 2 k
7| ) B,

TR THC) BTt ), and the vertices of degree one be z;(V, z;
Let My, M,,---,M; be k copies of M and a@, 2z ¢y 20 40) the ver-
tices of M, corresponding to the vertices a, x,y, z,v of M, respectively, where
j =1,2,--- k. For each j € {1,---,k}, identify 2,9, 2, 250 2,0) with
) 4@ 20) p0) such that each of 219, 2,0 240) 2,) corresponds to one
and only one of (), y(), 20) ) Denote the resulting graph by G. It is easy

to see that G is 4-connected.

Next we will show that for each 4-cycle C = zU)y0)z0)y0)z0) of G,
we have that E(C) C Fgr(G), and the other edges in G are unremovable,
where j = 1,2,---,k. For yWu,) € E(G), let S = {2 o0 001 A =
{aV) 4y} B = G — yWDu) — S — A Then (yWu;,V,S; A B) is a separat-
ing group of G, and hence yWu;,) € Ex(G). By symmetry, we can show
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that 2Wy; 0, 20y, vy, € Ex(G), where j = 1,2,-+- ki = 1,2,3,4;1 =
1,2,---,|T| — k. For each edge aW29) it is easy to see that (az() T) is a
separating pair of G such that 7' = {y), v ;)} and u;V20) € E(G). By
symmetry, a¥y), a)20) q0)y0) € Ey(G). Using Corollary 1.3.1 it is easy to
see that for each 4-cycle C' = 20y z0)yz0) we have E(C) C Er(G). For
each edge e of Tj, for example, e = u; Du, Y it is easy to see that (e, S) is a
separating pair of G such that S = {us, uz® u,V}. Therefore, for each edge
e of T;, where i = 1,2, 3,4, we have that e € Ex(G), and so eg(G) = 4k, |T;| =
(3k—2)/2,(1 =1,2,3,4), |G| = Tk — 4,er(G) = (4|G| + 16)/7. We denote the
set of all these constructed graphs by . See Figure 1.11.

Removable edge

Unremovable edge

Figure 1.11:

Now our main result of which proof can be found in Chapter 6 is as follows:
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Theorem 1.3.18. Let G be a 4-connected graph of order at least 5. If G is
neither C2 nor Cz, then er(G) > (4|G| + 16)/7 and the equality holds if and
only if G € .

In addition, we study the distribution of removable edges in a spanning
tree or outside a cycle in a 4-connected graph in Chapter 7. We obtain the

following results.

Theorem 1.3.19 Let G be a 4-connected graph which does not contain any
subgraph belonging to . Then any spanning tree T of G contains at least one

removable edge.
We can give an example to show that the above result cannot be improved.

For the distribution of removable edges outside a cycle in a 4-connected
graph, we present the following results together with examples that show the

results are in some sense best possible.

Theorem 1.3.20 Let G be a 4-connected graph and C a cycle of G. If C does
not pass through any [-belt or l-co-belt, then there are at least two removable

edges outside C'.

Theorem 1.3.21 Let G be a 4-connected graph and C a cycle of G. If C
passes through only one [-belt or l-co-belt, then there is at least one removable

edge outside C'.



Chapter 2

Removable edges in 4-connected
graphs and the structure of
4-connected graphs

In this chapter we introduce some results which were obtained by Yin. Since
those results are published in Chinese, for convenience, we present them here
together with their proofs. We use some new ideas in some of the proofs of

the results.

2.1 Some results and their proofs

The following results on the properties of removable edges in 4-connected
graphs will be used frequently in this dissertation, but were obtained by Yin
in [43].

First, we list the following result which holds clearly, so we omit its proof.

Theorem 2.1.1. Let G be a 4-connected graph with |G| > 7. An edge e of G
is unremovable if and only if there is a separating pair (e, S), or a separating

group (e, S; A, B) in G.

Theorem 2.1.2. Let G be a 4-connected graph with |G| > 8 and (zy, S; A, B)
a separating group of G such that x € A, y € B and |A| > 3. Then every edge

23
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in [{x},S] is removable.

Proof. By contradiction. Let e = zu such that v € S. And suppose
zu € En(G). Consider the corresponding separating group (xu, T; C, D) such
that x € C,u € D. Let

X, =(CNS)U(SNT)U(ANT)

Xo=(ANT)u(SNT)U (SN D)

Xs=DnSHu(SNnT)u(BNT)

Xy=(BNnTHUSnTHu(CnNS)

We distinguish two cases to complete the proof.
Case 1. ye BNnC.

Since y € BN C, X, is a vertex-cut of G — xy. Since G is a 4-connected
graph, |X4| > 3. Noticing that |Xs| + | X4| = |S| + |T| = 6, we get | Xz| < 3,
so AN D = . We claim that BN D # ): otherwise, BN D = (), implying
IDNS| > 2,80 |SN(CUT)| <1, and hence |BNT| > 2. From |T| = 3
we can get that |ANT| < 1, and so |X;| < 2. Since |A| > 3, we have that
|ANC| > 2, But now it can be checked easily that {z} U X; is a vertex-cut of
G with cardinality less than 4, a contradiction. So BN D # @, and | X3| > 4.
From |X;|+ |X3] = 6 we get |X;| < 2. By a similar argument as before this
implies {z} U X, is a vertex-cut of G with cardinality less than 4, a contradic-

tion. Therefore, Case 1. does not occur.

Case 2. ye BNT.
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First, we claim that ANC = {z}. Otherwise, suppose |ANC| > 2. We first
claim that | X;| > 3: otherwise, |X;| < 2, and then {z} U X, is a vertex-cut of
G with cardinality less than 4, a contradiction. So |X;| > 3, and so | X3| < 3,
which implies that B N D = . First consider the case that AN D = .
Then |[DN S| > 2and [SN(CUT)| < 1. Since | Xy| > 3, |[ANT| > 2,
and hence |[BNT| = 1. Now it can be checked easily that |X4| < 2, hence
BNC =, and so |BNT| =1, which contradicts |B| > 2. Consequently we
may assume AN D # O, and so | X3| > 4. By symmetry, we can assume that
BNC # O, and so | Xy| > 4. But now |Xs| + | X4| > 8, which contradicts that
| Xo|+|X4| = |S|+|T"| = 6. This contradiction confirms that ANC' = {x}. Since
A and B are connected subgraphs of G, we have that ANT # O, C NS # Q.
If SNT = O, it can be checked easily that |[C N S| = |[ANT| = 1 and
|IBNT| =|DnNS| =2 Then we have that AND = @ = BN C. This
implies that |A| = |C| = 2, which contradicts |A| > 3. So, SNT # @, Then
ICNS|=|ANT|=|SNT|=|BNT|=|DNS|=1. It is easy to see that
| Xo| = |X4] = 3,80 AND = @ = BN C, which contradicts |A| > 3. This
complete the proof of Theorem 2.1.2.[]

Corollary 2.1.3. Let G be a 4-connected graph with |G| > 8. Then every

3-cycle of G contains at least one removable edge.

Theorem 2.1.4. Let G be a j-connected graph with |G| > 7. If for an unre-
movable edge xy, i.e., xy € Ex(G), there is a separating group (zy,S; A, B),
then all the edges in E([S]) are removable.

Proof. Let ab € Ex(G) N E([S]), and consider the corresponding separating
group (ab, T;C, D) such that a € C,;b € D. Let X;, Xo, X3, X4 be defined as
in the proof of Theorem 2.1.2. We distinguish the following cases to complete
the proof.

Casel. z€ ANnC.

We deal with the following subcases separately.

Subcase 1.1. ye BNC.
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Since X is a vertex-cut of G—zxy, | X1]| > 3. So | X;3| < 3, and so BND = Q.
Similar arguments yield AN D = @. Since D = DN S, |[DNS| > 2, which
implies that |[D N S| =2 and C NS = {a}. It is easy to see that SNT = O.
Since | X1| > 3, |ANT| > 2. But then |X4| < 2, a contradiction.

Subcase 1.2. ye BNT.

From | X;| > 3 we get that | X3| < 3, hence BND = 0. If ANT = @, since
A is a connected subgraph of G, AN D = (. Then we have |[ANC| > 2, and
|S N D| > 2, which contradicts | X;| > 3. So ANT # 0. If AN D # O, then
| X2 > 4. Since | Xo| + | X4 = 6, we get | Xy| < 2, and so BN C = O, which
implies |[BNT| > 2. Now it is checked readily that | X5| < 3, which contradicts
| X2l > 4. So AND =@. Then [SND|=2and SNT = @. Since | X;| > 3,
we get |ANT| =2and BNT = {y}. Hence | X4| =2, 50 BNC = O, and
B = BNT = {y}, which contradicts |B| > 2.

Case 2. z€ ANT.

We deal with the following subcases:

Subcase 2.1. ye€ BNT.

We claim that SNT = . Otherwise, we have |X;| = |X3| = |X;5| =
|X4| = 3. Since G is 4-connected graph, we have ANC = @ = AN D and
BNC =0 = BN D, a contradiction. By symmetry, we may assume that
|ANT| = 2, so either |CNS|=2or|DNS|=2. Without loss of generality,
we may assume |C'N S| = 2, then we will have that AN D =@ = BN D, and
D = SN D = {b}, which contradicts |D| > 2.

Subcase 2.2. ye€ BNC.

By symmetry, we may treat this as in Subcase 1.2 of Case 1.

Subcase 2.3. y€ BN D.
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By symmetry, we may treat this as in Subcase 1.2 of Case 1.

Case 3. z€ AND.
We may treat this as in Case 1.

The proof of Theorem 2.1.4 is complete. [J

2.2 A Characterization of 4-Connected Graphs

Here we present the method due to Yin [43] for constructing all 4-connected
graphs from the 2-cyclic graphs. Since we do not use those results in the other

chapter, we omit the proof of the following results.

Lemma 2.2.1. Let G be a 4-connected graph with |G| > 7, and let z € V(QG)
such that d(z) > 6. We split vertex z into two vertices x and y, and join x toy.
Then the neighbors of z to either x ory in such a way that d(x) > 4,d(y) > 4.
Then the resultant graph G’ is 4-connected.

The above operation from G to G’ in Lemma 2.2.1 is called vertex splitting.

Let F} denote the graph with V(Fy) = {x1, 29, x3, x} and E(F) = {x1x9, 973,

T3y, TL1 )

Lemma 2.2.2. Let G be a 4-connected graph, and suppose G contains Fy as
a subgraph. We add one vertex y and four edges yxy,yxs,yrs,yr to G. If we
delete any of the edges {x1xa, x123, xaxs} in such a way that in the new graph

G’ all vertices have degree at least four, then G’ is 4-connected.
The above operations from G to G’ are called F}-operations.

Let Fy denote the graph with V(Fy) = {z, a1, as, as, a4, as, ag} and E(Fy) =
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{za1, zay, zas, zay, zas, zag, a1az, azay, asag}.

Lemma 2.2.3. Let G be a j-connected graph with |G| > 7, and suppose G
contains Fy as a subgraph with dg(z) = 6. We extend vertex z into a 3-cycle
Z'xyz’, join x to vertices ay, as,y, 2, y to vertices asz, aq, x, 2 and z' to vertices

as, ag, x,y. The new graph G’ is 4-connected.

The above operation from G to G’ is called vertex extension.

Theorem 2.2.5. G s a 4-connected graph if and only if either G is a 2-cyclic
graph or G can be obtained from a 2-cyclic graph by applying the following four
operations: (i) adding edges, (ii) vertex splitting, (iii) Fi-operation and (iv)

vertex extension.



Chapter 3

Removable Edges in a Cycle of
a 4-Connected Graph

In this chapter we investigate how many removable edges there are in a cycle
of a 4-connected graph, and give examples to show that our results are in some

sense best possible.

3.1 Some Preliminary Results

In this chapter we shall obtain lower bounds on the number of removable edges
in a cycle of a 4-connected graph. Before we present and can prove our main
results, we need to prove some lemmas. The following lemma is a key ingredi-
ent for the proof of our main results.

Lemma 3.1.1. Let G be a 4-connected graph, (zy,S; A, B) be a separating
group of G such that x € Ay € B,S = {a,b,c} and A be a 1-edge-vertex
atom, say A = {x,z}. Then one of the following conclusions holds:

(i) az,bx,zz € Er(G).
(ii) ax € Ex(G),d(z) = d(z) = 4,bx, zx,az € ER(G), zc € Ex(G).

(iii) azx € Ex(G),ay € Egr(G). Moreover, if d(a) = 4,d(y) > 5, then
az,zb, zx,by € Er(G),bx € Ex(G); if d(a) > 5,d(y) = 4, then by, bx,bz,az €
Er(G),zx € En(G), if d(a) = d(y) = 4, then az, bz, by € Er(G), bz, zx €

29
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Enx(G), if d(a) > 5,d(y) > 5, then az, zz,bx,by € Egr(G).

(iv) ax,bx,ac,bc € Er(G),zx,zc € En(G),{za,2b} N Ex(G) # O,d(x) =
d(c) =d(z) =4. If za € Enx(G), then the following conclusion holds: d(b) = 4,
and if d(a) = 4, then bz € En(G); if d(a) > 5, then bz € Er(G) holds. If
bz € Ex(G), then the following conclusion holds: d(a) = 4, and if d(b) = 4,
then az € En(G); if d(b) > 5, then az € Eg(G).

(v) ax,bz,az,bz € Er(G),xzz € Ex(G),d(x) = d(z) = 4.

(vi) bz € EnN(G),by € Egr(G). Moreover, if d(b) = 4,d(y) > 5, then
bz, za, zx,ay € Egr(G),ax € En(G); if d(b) > 5,d(y) = 4, then ay,ax,az,bz €
Er(G),zz € Enx(G), if d(b) = d(y) = 4, then bz,az,ay € Er(G),ax,zx €
En(G), if d(b) > 5,d(y) > 5, then bz, zz,ax,ay € Er(G).

(vil) bz € Ex(G),d(z) =d(2) = 4, az, zz,bz € ER(G), zc € Ex(G).

Proof. If ax, bz, zz € Er(G), then conclusion (i) holds. So, we may assume
that {ax, bz, za} N Ex(G) # O. Next we will distinguish the following cases

to complete the proof.

Case 1. az € En(G).

Then we consider the corresponding separating group (az,T;C, D) such
that x € C,a € D, and so, z € ANC,y€ BN(CUT). Let

Xi=(CnNSU(SNT)U(ANT)

Xo=(ANnT)u(SNT)U (SN D)

X;=(DNS)U(SNT)U(BNT)

X,=(BNT)U(SNT)U(CNS)
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We distinguish a number of subcases.
Subcase 1.1. ye BNC.

Since |A| = 2 and A is a connected subgraph of G, we have AN D = Q.
First, we claim that ANT # @. Otherwise, ANT = @, and so |[ANC| = 2.
Since a € SN D, we have | X;| < 2. Then X; U {z} is a vertex-cut of G with
cardinality less than 4, a contradiction. Hence, ANT = {z}. Second, we claim
that SNT = . Otherwise, SNT # @, and a contradiction will be deduced
as follows: If BNT = @, since B is a connected subgraph of G, we have
BND = @. Then B= BNC, and so |SNT| = 2. Noticing that a € SN D and
|S| = 3, we have SNC = @. Since |B| > 2, we know that |[BNC| > 2. Then it
is easy to see that {y}U(SNT) is a vertex-cut of G with cardinality less than 4,
a contradiction. So, BNT # O, and so |SNT| = 1. Noticing that |T| = 3, we
have [BNT| = 1. Since X} is a vertex-cut of G — xy, we have | X,| > 3, and so
|SNC| > 1. Since SND # @, by noticing that |S| = 3, we have |[SND| = 1, i.e.,
SND = {a}. Note that | X3| = 3. Since G is 4-connected, we have BND = (.
Hence, D = {a}, which contradicts |D| > 2. Therefore, SNT = . Note that
|IBNT|=2.1f |[SN D| =1, by similar arguments we can get that D = {a}, a
contradiction. So, |[SND| > 2. Since | X4| > 3, we have |SNC| > 1. Therefore,
|ISNC| =1and |SND|=2. Since bz € E(G), obviously we have b € X;, and
so SNC ={b}. Then SND ={a,c},Tq(x) ={a,b,y,2},Tc(z) ={z,a,b,c}.
We claim that zz € Fr(G). Otherwise, zz € En(G), and we consider the
corresponding separating group (xz,S’; A’, B") such that z € A’z € B’. Since
zzax is a 3-cycle of G, we have that a € S" and ax € Eyx(G). By Theorem
2.1.2 we know that |A'| = 2, say A’ = {z,v1}. Then we have that azvia is a
3-cycle of G and vy # z, which is impossible, and so zz € Fr(G). We claim
that az € Er(G). Otherwise, az € En(G), and we consider the corresponding
separating group (az, S’; A’, B') such that a € A’z € B’. Obviously, xz € S".
Since ax € En(G), by Theorem 2.1.2 we have |A'| = 2, say A" = {a, v, }. Then

azxvia is a 3-cycle of G and vy # z, which is impossible, and so az € Er(G).
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Let " = {2z} u(BNT),A =CnN(BUS),B =G —bz—S5 — A" Then
(bz,S"; A, B') is a separating group of G, and so bz € En(G). We claim that
bx € Egr(G). Otherwise, bx € En(G), and we consider the corresponding sep-
arating group (bx, S’; A’, B') such that b € A’, x € B’. Since bxzb is a 3-cycle of
G, we have z € §'. Since bz € En(G), we have |A'| = 2, say A" = {b,v1}. Then
buizb is a 3-cycle of G, and vy # z, which is impossible. Hence bx € Eg(G).
Let S; = {a,b,y}, then (zc, S1) is a separating pair of G, and so zc € En(G).
Obviously, d(x) = d(z) = 4. Hence, conclusion (ii) holds.

Subcase 1.2. ye€ BNT.

Since zy € En(G), by Theorem 2.1.2 we have |C| = 2. If |[ANC| = 2, then
we have A = ANC = C. Since BNT # O # SN D, we have [SNT| < 2.
It is easy to see that {x} U X is a vertex-cut of G with cardinality less than
4, a contradiction. So AN C = {z}. Since A and C are connected sub-
graphs of G, we have that |[SNC|=|ANT|=1and BNC =0 =AND.
We claim that SNT = @. Otherwise, |[SNT| = 1, and so |[BNT| = 1.
Note that |X3| = 3. Since G is 4-connected, we have BN D = (), and so
B = BNT = {y}, which contradicts |B| > 2. Therefore, SNT = @, and so
|IBNT|=|SND|=2. From I'¢(z) = {z,b,a,y} we know that SN C = {b},
and so SN D = {a,c}, ANT = {z}. Let BNT = {u,y}. Next we will deal

with the following subcases.

Subcase 1.2.1. ay ¢ E(G).

We claim that xz € Er(G). Otherwise, xz € En(G). We consider the
corresponding separating group (xz,S’; A’, B') such that z € A",z € B
Since azza is a 3-cycle of G, we have a € S’. Since ax € En(G), by The-
orem 2.1.2 we have that |B'| = 2, say B’ = {z,v;}. Then axvia is a 3-
cycle of G. However, ay ¢ E(G) and v; # z, which is impossible. Hence,
rz € Egr(G). By symmetry, bxr € Egr(G). We claim that az € Eg(G).
Otherwise, az € En(G). We consider the corresponding separating group
(az,S"; A', B') such that a« € A,z € B’. Since azza is a 3-cycle of G, we
have © € S’. Since ax € En(G), we have that |A'| = 2, say A" = {a,v}.
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Then axvia is a 3-cycle of G, and analogous arguments yield a contradiction.
So az € Egr(G). By symmetry, by € Eg(G). Let 8" = {a,b,y}. Obviously,
(z¢,S") is a separating pair of G, and so zc¢ € En(G). Hence, conclusion (ii)
holds.

Subcase 1.2.2. ay € E(G).

Then by Corollary 2.1.3 we know that ay € Fr(G). Then, we consider the

following cases.

(1.) d(a) > 5 and d(y) > 5. We claim that zz € Er(G). Otherwise, zz €
En(G), and we consider the corresponding separating group (zz,S’; A, B')
such that x € A’z € B’. Since azza is a 3-cycle of G, we have a € S’. Since
ar € En(G), by Theorem 2.1.2 we know that |A'| = 2, say A’ = {z,v1}. Then
axvia is a 3-cycle of G. Noticing that d(v1) = 4 and d(y) > 5, we have that
v1 # y, which is impossible. Hence, zz € Eg(G). By symmetry, bx € Er(G).
We claim that az € FEgr(G). Otherwise, az € Eyn(G), and we consider the
corresponding separating group (az,S’; A', B'). Obviously, z € S’, and anal-
ogous arguments yield to a contradiction. So, az € Eg(G). By symmetry,
by € Er(G). Hence, conclusion (iii) holds.

(2.) d(a) = 4 and d(y) > 5. We let I'g(a) = {z,y,2z,v}. Let A" =
{a,2},S" ={v,z,y},B'=G —bx —S"— A". Then (bz,S’; A', B) is a separat-
ing group of G, and so bx € En(G). We claim that bz € Eg(G). Otherwise,
bz € En(G). We consider the corresponding separating group (bz, S’; A’ B)
such that b € A’, 2 € B’. Noticing that bzxb is a 3-cycle of GG, we have z € 5'.
Since bz € En(G), from Theorem 2.1.2 we have that |A’| = 2, say A" = {b, v, }.
Then bxvb is a 3-cycle of G. Noticing that d(y) > 5 and d(vy) = 4, we have
that v; # y, which is impossible. Therefore, bz € Er(G). We claim that
az € Egr(G). Otherwise, az € En(G). We consider the separating group
(az,S'; A', B') such that a € A,z € B’. Obviously, x € S’. Since ax € Ex(G),
from Theorem 2.1.2 we have that |A’| = 2, say A’ = {a,v1}. Then azvia is a
3-cycle of G and v; # z. Note that d(v) = 4,d(y) > 5, and so vy # y, which

is impossible. So az € Eg(G). By analogous arguments we can show that
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zx € ER(G). We claim that by € Er(G). Otherwise, by € En(G). We con-
sider the separating group (by, S’; A’, B') such that b € A,y € B’. Obviously,
x € 5. Since xy € En(G), from Theorem 2.1.2 we have that |B'| = 2, say
B" = {y,v1}. Then xyv,z is a 3-cycle of G. It is easy to see that this is true
only if v; = a. From I'¢(a) = {x,y, z,v} we know that S’ = {z, z,v}. Since
d(y) > 5, we have yz € E(G), which is impossible. So by € Er(G). Hence,

conclusion (iii) holds.

(3.) d(a) > 5 and d(y) = 4. By analogous arguments as used in (2.) we can

show that the conclusion (iii) holds.

(4.) d(a) = d(y) = 4. We let I'g(a) = {z,y,2,v}, A1 = {a,2},5 =
{z,y,v}, By = G —bx — S; — Ay. Then (bz, Si; A1, By) is a separating group
of G, and so bz € Ex(G). By symmetry, az, zy, zo € Ex(G). From Corollary
2.1.3 we have that az, by, bz € Er(G). Hence, the conclusion (iii) holds.

If bx € En(G), we can apply similar arguments to show that conclusion

(vi) or (vii) hold. So, next we may assume that az,bxr € Fr(G).

Case 2. zz € Ex(G).

We consider the corresponding separating group (xz,7T;C, D) such that
reC,zeD. Thenx e ANC,z€ AN D. Since xzax,xzbx are two 3-cycles
of G, we have that a,b € SNT. Since AN D = {z} and D is a connected
subgraph of G with |D| > 2, we get that SN D # . Since S = {a,b,c}, we
have that SN D = {c}. Obviously, |[BNT| = 1. We distinguish three subcases.

Subcase 2.1. az € Ex(G).

By Theorem 2.1.2 we have that |D| = 2, and so D = {z,¢}. It is easy to
see that ac,bc € E(G). From Theorem 2.1.4 we have that ac,bc € Er(G). Ob-
viously, d(z) = d(c) = d(z) =4 and I'g(x) = {z,b,a,y}. Let A} = {x,z}, 5 =
{y,a,b}, By = G — z¢ — S; — A; Then (z¢, S1; Ay, By) is a separating group
of G, and so zc € Ex(G). We take the separating group (az,S’; A’, B') such
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that a € A,z € B’. Obviously, x € S’. Since xz € Exn(G), we have that
|B'| = 2, say B" = {z,v1}. Then zzviz is a 3-cycle of G, which is true
only if v = b, and so d(b) = 4. Now if d(a) = 4, let T'g¢(a) = {z, z,¢,v},
Ay =Ha,z},S1 = {c,x,v} and By = G — bz — S; — By. Then (bz,S;; Ay, By)
is a separating group of G, and so bz € En(G). If d(a) > 5, we claim that
bz € Er(G). Otherwise, bz € Enx(G). Then we consider the corresponding
separating group (bz, S1; A1, By) such that b € Ay, z € By. Obviously, z € S;.
Since xz € En(G), from Theorem 2.1.2 we have |B;| = 2, say By = {z,v1}.
Then xzv zz is a 3-cycle of G. Note that d(a) > 5,d(v;) = 4, and so v; # a,

which is impossible. So, bz € Er(G). Hence, conclusion (iv) holds.

Subcase 2.2. bz € Ex(G).

We can apply similar arguments as used in Subcase 2.1 to show that con-

clusion (iv) holds.

Subcase 2.3 az, bz € Eg(G).

Obviously, d(z) = d(z) = 4, and so conclusion (v) holds. This completes
the proof.[J

From Lemma 3.1.1 and its proof, we deduce the following corollary.

Corollary 3.1.1. Let G be a 4-connected graph and (zy,S; A, B) be a sep-
arating group of G such that x € A,y € B, S = {a,b,c}. Let A be a 1-edge-
vertex-cut atom, say A = {x,z}. If {za,zb,xz} N Ex(G) # O, then x is an
inner vertex of one of the following subgraphs in G: helm, l-co-belt, l-belt, W'-

framework, W -framework or l-bi-fan.

The following lemma will be used in the proof of Theorem 3.2.1.

Lemma 3.1.2. Let G be a 4-connected graph, (zy,S; A, B) be a separat-
ing group of G, and A be a 2-edge-verter-cut atom, say A = {x,z} and
S ={a,b,c}. Then ax,bx,cx,xz € Eg(G).
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Proof. By contradiction. Assuming at least one of the edges ax, bx, cx,zz

belong to En(G). We consider the following cases.

Case 1. azx € Ex(G).

We consider the corresponding separating group (az,T;C, D) such that
re€C,a€D. Thenx € ANC,a € SND. Let X = (DNSYU(SNT)U(BNT).
Since bz, cx € E(G), we get that b, c € SN(CUT), and so |[SND| = 1. We claim
that ANT # . Otherwise, ANT = . Since |A| = 2 and A is a connected
subgraph of G, we have that ANC = {x, z}. It is easy to see that {b,c,z} is a
3-vertex-cut of G, a contradiction. Therefore, ANT = {2z}, AND = . Obvi-
ously, | X| > 3. Since [SN D| =1 and |D| > 2, we have that BN D # @, and
so |X| > 4. However, by noticing that |ANT| =1, we find |[(SUB)NT| = 2,

and then | X| = 3, a contradiction.

If bx € En(G) or cx € Ex(G), we can apply similar arguments. So, next

we may assume that bz, cx € Ex(G).

Case 2. zz € En(G).

We consider the corresponding separating group (zz,T;C,
D) such that x € C,z € D. Then we have x € ANC,z € AND. It is
easy to see that a,b,c € SNT. Since |T| = 3, we have that y € Bn C.
Let X = (DNS)Uu(SNT)u(BNT), and so |X| = 3. Then it follows
BN D = @. Noticing that DN S = O, we have that D = AN D = {z}, which
contradicts that |D| > 2. Therefore, xz € Ex(G). This completes the proof. [J

3.2 Removable Edges in a Cycle

Before we present and prove the main results of this chapter, we introduce

the following definition.

Definition 3.2.1. Let C' be a cycle of a 4-connected graph G and H a sub-
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graph of G belonging to R. If C' contains an inner vertex of H, then we say
that C' passes through H.

Now we present our main results.

Theorem 3.2.1. Let G be a 4-connected graph and C' a cycle of G. If C' does
not pass through any subgraph of G belonging to R, then there are at least two
removable edges of G in C.

Proof. By contradiction. Assume that C' does not pass through any sub-
graph of G belonging to R, and there is at most one removable edge of G
in C. Let FF = E(C)N Eg(G), so |F| < 1. Denote E(C) — F by Ej.
We consider the separating group (uw, S’; A, B') such that v € A',w € B’
and uw € Ey. Since |F| < 1 we know that (E(A)U[A,S)NF = O
or (E(B)UI[S B])NF = @. Without loss of generality, we may assume
that (E(A) U[A",S']) N F = . Since A’ is an Ey-edge-vertex-cut fragment,
A’ must contain an Ey-edge-vertex-cut end-fragment as its subgraph, say A.
Then we have that (F(A)U[A, S])NF = ), and we consider separating group
(xy, S; A, B) such that € Ay € B with zy € Ey. We distinguish two main

cases and a number of subcases.

Case 1. |[A] =2.

Then A is a 1-edge-vertex-cut atom or a 2-edge-vertex-cut atom, say A =

{z,z}. Let S = {a,b,c}.

Subcase 1.1. A is a 2-edge-vertex-cut atom.

Since zy € E(C) and C is a cycle of G, we have that {za,zb, zc, xz} N
E(C) # @. From Lemma 3.1.2 we know that {za,xb, zc,zz} C Er(G), which
contradicts that (E(A) U [A,S])NF = Q.

Subcase 1.2. A is a l-edge-vertex-cut atom.

By noticing that C'is a cycle of G and ([E(A)U[A, S])NF = @, obviously



38 CHAPTER 3. REMOVABLE EDGES IN A CYCLE

{za,zb,xz} N Ex(G) # ©. From Corollary 3.1.1 we know that z is an inner
vertex of one of the subgraphs of G belonging to R. Since xy € E(C), this
contradicts the assumption that C' does not pass through any subgraph of G
belonging to R.

Case 2. |A| > 3.

We will distinguish the following subcases.

Subcase 2.1. There exists an zz € EyN E(AU [A, 5]).

Then obviously z ¢ S; otherwise, we would have |A| = 2, a contradic-
tion to |A|] > 3. We take the separating group (xz,Si; Ay, By) such that
x € A1,z € B;. Then we have that z € AN A,z € AN B;. Let

X, = (4 NSU(SNS)UANS)

Xo = (ANS)HU(SNS)U(BNS)

X3=(B1NSHU(SNS)U(BNS)

Xy=(BNSHUSNS)U(AINS)

If y € BNSy, from Theorem 2.1.2 we know that |A;| = 2, say A; = {z,v,}. We
claim that A; is a 1-edge-vertex-cut atom; otherwise, A; is a 2-edge-vertex-
cut atom, and then, by Lemma 3.1.2 we get zy € Egr(G), a contradiction.
From Corollary 3.1.1 we know that = is an inner vertex of some subgraph of
G belonging to R, a contradiction to the assumption. Therefore, y ¢ B NSy,
and so y € A; N B. Since AN By # (), we have that X, is a vertex-cut
of G — xz, and so |X3| > 3. By analogous arguments, we can deduce that
| X4| > 3. Since |Xa| + |X4| = |S| + |S1| = 6, we get that | Xs| = |X4| = 3,
and so |[A; N S| =]ANS1],|BN S| =|ByNS|. We claim that AN By = {z}.
Otherwise, |[A N B;| > 2. Then (zz, Xo; AN By, A; U B) is a separating group
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of G and zz € Fy. It is easy to see that A N By is an Ey-edge-vertex-cut
fragment contained in A, which contradicts that A is an Ey-edge-vertex-cut
end-fragment of G. Therefore, AN By = {z}. Since |B;| > 2 and B, is a
connected subgraph of GG, we obtain By NS # .

Subcase 2.1.1. |B;NS|=|BNS;| =3.

Then |X;| = 0, and so {z,y} would be 2-vertex-cut of G, a contradiction.

Subcase 2.1.2. |ByNS|=|BNS;| =2

Since X is a vertex-cut of G —xy—xz, | Xi| > 2. Noticing that |S| = |S1| =
3, we have that |[ANS;| = |A1NS| = 1,5NS; = @. We claim that ANA; = {z}.
Otherwise, |ANA;| > 2. Then {z}U X is a 3-vertex-cut of G, a contradiction.
Let ANS; = {a}, AiNS = {b},SNB; = {vy,v2}. From ANB; = {z} we deduce
that I'g(z) = {z,a,v1,v2}. We claim that ab € E(G). Otherwise, {x, vy, vs}
is a 3-vertex-cut of G, a contradiction. We claim that avy, avy € E(G). Oth-
erwise, without loss of generality, we may assume that av; ¢ F(G). Let
A = A{z,a}, 8 = {bz,1},B" = G—xy— S — A. Then (zy,5; A", B)
is a separating group of G. Since xy € FEy, A’ is an FEy-edge-vertex-cut
fragment contained in A, which contradicts that A is an Ey-edge-vertex-cut
end-fragment. So, avy,ave € FE(G), and hence I'g(a) = {x, z,b,v1,v2}. Let
So = {z,v1,1}, Ay = {a,z}, By = G —ab — Sy — Ag. Then (ab, So; Ao, Bo)
is a separating group of G, and so ab € En(G). We claim that az € Eg(G).
Otherwise, az € En(G), and we consider the corresponding separating group
(az,S"; A', B') such that a € A’z € B’. Since axza, av,za, aveza are 3-cycles
of G, we have that x,v;,v3 € S’. Since zz € En(G), from Theorem 2.1.2 it
follows that |B'| = 2, say B’ = {z,u}. Then, uzzu is a 3-cycle of G, which is
impossible. Hence az € ER(G).

Since (E(A)U[A, S])NF = O and C is a cycle of G, we get that {zvy, zv} N
En(G) # . Without loss of generality, we may assume that zv; € En(G).
We take the separating group (zvy,7;C", D) such that z € C',v; € D’. Then
z € C'NBy,v; € BN D'. Obviously, a € S;NT. Let
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Yi=ANnTHu (S NT)u (C'NnSy)

Yo=(C'"NSHUSINT)U(BiNT)

Ys=(BNT)U(S;NT)u(S;ND"

Y,=(D'NnS)HUS1NT)U (A NT)

We distinguish the following cases to prove the Subcase 2.1.2.

(1.) x € A;NC’. Then Y; is a vertex-cut of G — zz, and so |Y;| > 3. By
similar arguments, we have that |Y3| > 3. Since |Y;|+ |Y3] = |S1|+|T| = 6, we
conclude that |Y;| = |Y;3] = 3 and |A;NT| = |S1ND'],|S1NC"| = |ByNT|. Since
a € Sy, from Theorem 2.1.4 we know b ¢ T'U Sy. Since bz, zvy € E(G), we
have that b € A;NC" and vo & D'NB;. From I'g(a) = {vy, v9, 2, 2, b}, we know
that T'g(a) N (B; N D’') = {v1}. Then we have that |[A;NT|=|S;ND'|=0,1
or 2. Next we distinguish the following cases according to the value |A; N T
and |5, N D'|.

(1.1.) |[AAnT|=|D'NnSy| =2 Then |S;NC'| =|B NT|=0. Since
2v9 € E(G), we have vy € By N C’, and hence {a, z} is a 2-vertex-cut of G, a

contradiction.

(1.2.) |ANT|=|D'NnS;| =1. Then |S; NT| < 2. First, we claim that
BiND" = {v1}. Otherwise, |ByND’| > 2. Then from I'g(a)N(B1ND") = {v,},
we can conclude that {v,} U (Y5 — {a}) is a 3-vertex-cut of G, a contradic-
tion. So, By N D" = {v}. Let D'N Sy = {u}. If AnND # @, from
Fg(a) = {x,z,b,v1,v2} we get that Ay N D' NTg(a) = O, and so Y, — {a}
is a vertex-cut of G with cardinality less than 4, a contradiction. There-
fore, Ay N D" = @. Then au; € E(G). However, it is easy to see that

uy & {x,z,b,v1,v9}, a contradiction.

(1.3.) |D'nSy| =]AiNT| = 0. Since D' is a connected subgraph of G, we have
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that AyN D" = @. Then |D'| = |D'N By| > 2. Since I'g(a)N(ByND") = {v},
by noticing that |Y3| = 3, we have that {v;} U (Y5 — {a}) is a 3-vertex-cut of

(G, a contradiction.

(2.) x € A;NT. From Theorem 2.1.2 we have that |C'| = 2. Since C' is a
connected subgraph of G, we have that AN C’" = @. If S NC" # @, since
a € S;NT, we have |[D'N S;| < 1. Noticing that Y3 is a vertex-cut of G — zvy,
we have that |Y3| > 3, and so |[BiNT| =1,A;NT = {z}. Obviously, |Y;| = 3,
and hence Ay N D' = @, and so A; = {z}, which contradicts |A;| > 2. So
S1NC" =@, and |B;NC’"| = 2. Since A; NT # @, obviously, {z} U (T — {z})
is a vertex-cut with cardinality less than 4, a contradiction. This completes
the proof of Subcase 2.1.2.

Subcase 2.1.3. |[BiNS|=|BNS;| =1

Then [SN S| < 2. We claim that |[SN.S;| < 2. Otherwise, [SNYS'| = 2, im-
plying ANS; =0 =SNA;. If [ANA'| > 2, then {x} U (SN S;) is a vertex-cut
of G with cardinality less than 4, a contradiction. So AN A; = {z}. Note that
| Xo| = 3. If |[AN By| > 2, then by arguments similar to that used in Subcase
2.1, AN By is an Ey-edge-vertex-cut fragment contained in A, which contra-
dicts that A is an Ey-edge-vertex-cut end-fragment. Hence, AN B; = {z}, and
so |A| = 2, which contradicts |A| > 3. Therefore, |S N .S;| < 1, and we have
| X3 < 3. Since G is 4-connected, we have BN By = . Since ANB; = {z}, we
have that |B;| = 2 and B is a l-edge-vertex-cut atom of G, say By = {z,u}.
Since C'is a cycle and (E(A) U[A, S]) # O, we have that z is incident with at
least two unremovable edges. From Corollary 3.1.1 we know that z is an inner
vertex of some subgraph of GG belong to R, which contradicts the assumption
that C' does not pass through any subgraph of G' belonging to . This com-
pletes the proof of Theorem 3.2.1.01

The following is our another main result of this chapter.

Theorem 3.2.2. Let G be a 4-connected graph and C a cycle of G. If C
passes through precisely one subgraph of G belonging to R, then there exists at
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least one removable edge of G in C.

Proof. By contradiction. Assume that F(C) C Enx(G). Let C pass through a
subgraph H of G that belongs to i, (see Definitions 1.2.1 through 1.2.6). If H is
a maximal [-belt, from the assumption it is easy to see that {zoz1, yir1yi12} N
E(C) # O. If zoxy € E(C), by letting S = {yj12, T142, Y1}, = 2211, B =
{z, - 2101, Y2, Y1}, A = G—e— S — B, (e,5; A, B) is a separating
group of G such that A does not contain any inner vertex of H; if yy 11 €
E(C), by letting S = {x1,41, 7142}, = Yriayir2, B = {72, 141,42, -+ -
vy}, A=G—e—S— B, (e,S; A, B) is a separating group of G such that
A does not contain any inner vertex of H. If H is a maximal [-co-belt, simi-
larly, we have that {x 29,192} N E(C) # O. If 129 € E(C), by letting S =
{Wise, migs, i b e = wowy, B = {x, -+, Ty2, Y0, s Y1 ), A=G —e— S — B,
(e,S; A, B) is a separating group of G such that A does not contain any in-
ner vertex of H; if 1150 € E(C), by letting S = {yi12, 2143, 22}, 6 = yoy1, B =
{Z3,- 2152, Y92, -, Y11}, A= G—e—S5S—B, (e, 5; A, B) is a separating group
of G such that A does not contain any inner vertex of H. If H is a maximal
[-bi-fan (I > 1), by letting S = {a, b, z;13},e = xowy, B = {x9, -+, 2140}, A =
G—e—S— B, (e,S; A, B) is a separating group of G such that A does not
contain any inner vertex of H. If H is a helm, by letting e = xv1,5 =
{vg,v3,v4}, B = {a,x1,29,73,24},A = G —e — S — B, then (e,S;A,B) is a
separating group of G such that A does not contain any inner vertex of H. If
H is a W-framework, then C' must pass through xx9, x2x3. In this case, by
letting e = wox1, S = {x3,y4,y2}, B ={x2,y3},A=G—e—S—B, (e,S; A, B)
is a separating group of GG such that A does not contain any inner vertex of
H. If H is a W’-framework, by noticing that {x1z2, zoy2} N E(C) # O, then if
r1xe € E(C), by letting S = {yo, x3,y4}, B = {x2,y3}, A = G — xy29 — S — B,
(r129,5; A, B) is a separating group of G such that A does not contain any
inner vertex of H; if xoys € E(C), by letting S = {x1,ys,v} such that
v € Ig(xy), B = {x9,23},A = G — x9y2 — S — B, (2292, 5; A, B) is a sep-

arating group of G such that A does not contain any inner vertex of H.

Let Ey = E(C). Then A is an Ey-edge-vertex-cut fragment of G such that
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it does not contain any inner vertex of H. Obviously, A contains an Ey-edge-
vertex-cut end-fragment as its subgraph, say A’. It is easy to see that A’ does
not contain any inner vertex of H. To complete the proof of Theorem 3.2.2,
by an argument analogous to that used in the proof of Theorem 3.2.1, we can

show that A’ contains an inner vertex of some subgraph of GG belonging to . [J

Finally, we construct examples, see figure 3.1, 3.2, 3.3, to show that the
lower bounds in Theorems 3.2.1 and 3.2.2 are in some sense best possible. We
also give an example to show that the conditions in Theorems 3.2.1 and 3.2.2

are not improved.

Let F' be a maximal k-bi-fan such that V(F) = {a,b, 21, 29, - -, 2zx13} and
E(F) = {222,223, , Zk422k+3, @22, AZ3, * * * , AZ42,b29, -+ bz} where k >
1. Let L be a maximal {-belt such that V(L) = {x1, za, -+, Ti12, Y1, Y2, -, Y2t
and E(H) = Ey(H)UEy(H) where Ey(H) = {x122, T223, -+, X1 11T 142, Y1Y2, Y23,
c Y2} and Ex(H) = {122, Tay2, Y23, - Ui, T Y ts Y Tiga ) 10
which [ > 1.

Example 3.2.1 Identify vertex a with x, vertex b with y; o, vertex 2,3 with
X149, and vertex z; with y;, respectively. Denote the resulting graph by G;. Let
G = G1+ab+y1x140. 1t is easy to see that GG is a 4-connected graph. First, let
A={r3, 24,0141, Y2, Y3, 5 Y1 ), S = {02, Tiyo, i ), B = G—byr —S—A.
Then (by;+1,S; A, B) is a separating group of G, and so by;11 € En(G). Since
Y1210 € E([S]), from Theorem 2.1.4 we have that y;2;,2 € Er(G). Obviously,
(x1122K42,51) is a separating pair such that S; = {a,b, 22}, and (z2y1, Ss) is a
separating pair such that Sy = {a, b, z;;2}. It is easy to see that z;z;11 € Ex(G)
where i = 2,-- - k+1. Consider the cycle C} = y1211 9025192k 112k - - - 22y1. Then
(', only passes through one subgraph of G belonging to R, and C; has only
one removable edge y,x;, 5 of G. This shows that the result of Theorem 3.2.2

is in some sense best possible. See figure 3.1.

Example 3.2.2 First, delete the vertices 2y, 213 from F'. Then, identify ver-

tex zo with x1, vertex zp,o with y;,0, respectively. Denote the resulting graph
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Figure 3.1:

by Gy. Let G = G5+ ab+ ayy + bxyio + y1712. It is easy to see that G is a 4-
connected graph. Let A = {x3, -, 2141,Y2, Y1}, S = {y1, T2, w2}, B =
G — zgroyi1 — S — A, Then (2zgi2v141,5; A, B) is a separating group of G,
and 80 zgi2yi+1 € En(G). Since yy2142 € E([S]), from Theorem 2.1.4 we have
that y12;.0 € Er(G). Obviously, (2929, 51) is a separating group of G such
that S; = {a,b, zk12}, and so 2029 € En(G). By a similar argument, we get
that ayy,bri o € En(G). Since ab € E([S1]), we have ab € Er(G). Consider
the cycle Cy = abx;ioyia. Then Cy does not pass through any subgraph of
G belonging to R, and C5 has exactly two removable edges ab, y1x;.2 of G.
This shows that the result of Theorem 3.2.1 is in some sense best possible. See
figure 3.2.

The following example shows that if a cycle C' of 4-connected G passes
through two subgraphs of G belonging to R, then it may not contain any re-
movable edge of G.

Example 3.2.3 First, delete the vertex z;,3 from F. Then identify vertex
a with x1, vertex zp, o with y;,0, vertex z; with y, respectively. Join vertice
b and x;.5. Denote the resulting graph by G3. Let G = G35 + ab + y12149.
It is easy to see that G is a 4-connected graph. Consider the cycle C3 =
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Figure 3.2:

Y1Y2 - - - Zlao2ie1 - - - 22y1. Then Cf3 passes through two subgraphs of G belong-
ing to R. It is easy to see that E(C3) C En(G), and so C3 does not contain
any removable edge of G. This in some sense shows that the conditions of
Theorems 3.2.1 and 3.2.2 are best possible. See figure 3.3.

l‘iﬁ

Removable edge

Unremovable edge

Figure 3.3:



Chapter 4

Removable Edges in a Longest
Cycle of a 4-Connected Graph

In this chapter we obtain results on removable edges in a longest cycle of a 4-
connected graph G. We also show that for a 4-connected graph G of minimum

degree at least 5 or girth at least 4, any edge of GG is removable or contractible.

4.1 Some Preliminary Results
Before giving our main results, we first show the following results.

Theorem 4.1.1. Let G be a 4-connected graph with |G| > 8 such that
0(G) > 5 or g(G) > 4. Then any edge of G is removable or contractible.

Proof. By contradiction. Suppose there exists an edge e of G such that
e € Ex(G) and e ¢ Ec¢(G). Then we will deduce contradictions as follows.

Let e = zy. Since e ¢ Ec(G), there exists a 4-vertex-cut T of G such that
e € [T]. Let G—T = C U D such that C is the union of at least one but
not of all the components of G — T and D = G — T — C. Since e € Ex(G),
by Theorem 2.1.2 there exists a separating group (e, S; A, B) of G such that
x e Ay e B. Itiseasy toseethat t € ANT,y € BNT. Let

X, =(CNS)UTNS)UANT),

46
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Xy = (ANT)U(TNS)U(SND),

Xs=(DnNnSHUu(TNnS )u(BNT),

Xy=(TNB)U(TNS U (SNC).

From |G| > 8 we know that there exists a vertex v € V(G) satisfying v ¢ SUT.
Symmetrically, we may assume v € AN C. Since ANC # O and G is 4-
connected, we have that X; is a vertex-cut of G, and so |X;| > 4. Since
| X1|+ | X5] = |S|+|T| =7, we have that | X3| < 3. Since G is 4-connected, we
have that BN D = . We distinguish the following cases to prove the theorem.

Case 1. BNC #0Q.

Then X, is a vertex-cut of G, and so |X,| > 4. From |X| + |X4| =
|S|+|7T") = 7, we get that | X3| < 3. Since G is 4-connected, we have AND = Q.
Thus, D = DN S, and so DN S # @. Noticing that |S| = 3, we have
|ISN(CUT)| < 2. Hence, |X;| > 4 and |X4| > 4. So, we have that |[ANT]| > 2
and |[BNT| > 2 hold. Noticing that |T'| = 4, we have that |ANT| = |BNT| = 2
and [SNT|=0. Thus, |[SNC| =2, and so |SND| =1, ie, |D| = 1. Let
D = {u}. Then zyux is a triangle of G, d(u) = 4 and ¢(G) = 3, a contradic-

tion.

Case 2. BNC =0.

We have B = BNT. From | X;| > 4, we get that |[SNC| > |BNT|. Since
|B| > 2, we have that |BNT| > 2. If [BNT| > 3, noticing that |T'| = 4, then
we have that SNT = @ and ANT = {z}. Based on the above arguments,
we have |S N C| > 3. Noticing that |S| = 3, we have that SN D = @ and
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|X3] =1, and so AN D = . Consequently, D = (), a contradiction. There-
fore, |BNT| = 2. Noticing that |S| = 3, we have |[SN (T'U D)| < 1. From
|IBNT| =2, we get that |[ANT| <2, and so | Xs| < 3. Therefore, AND = .
Then D = DN S, and so DN S # O. Noticing that [SNC| > 2 and |S| = 3,
we have |[DNS| = 1. Let DN S = {u}. Then zyux is a triangle of G, d(u) = 4
and ¢g(G) = 3, a contradiction. This completes the proof. [J

From the proof of Theorem 4.1.1 we get the following result.

Corollary 4.1.1. Let G be a j-connected graph with |G| > 8. If there exists
an edge e € E(G) such that e € Ex(G) and e ¢ Ec(G), then 6(G) =4 and e
18 on a triangle of G. [

Before we prove our main result, we prove the following lemma.

Lemma 4.1.1. Let G be a 4-connected graph with |G| > 8 and C' be a longest
cycle of G. Let E(C) C En(G) and Ey = E(C). Suppose x1x2 € E(C) and
(r172,5; A, B) is a separating group such that xo € A, x1 € B and A is an Ey-
edge-vertez-cut end-fragment. Then there are vertices x,z,u,v € V(C) such
that xz € E(GQ)(maybe vz ¢ E(C)), d(z) = d(z) = 4,Tg(x) NTg(z) = {u, v}
and {z,z} NA# O and {x,z} N B = 0.

Proof. Since E(C) = Ey, the edge-vertex-cut fragment corresponding to any
edge e on C'is an Fy-edge-vertex-cut fragment. Take any edge x129 on C'. Since
119 € En(G), by Theorem 2.1.1 there is a separating group (zixs,S; A, B)
such that o € A and z; € B. It is easy to see that every Ey-edge-vertex-cut
fragment contains such an end-fragment as a subset. Without loss of gen-
erality, from the arbitrariness of e on C' we can assume that A is such an
end-fragment. Since C' is a cycle, we have that (E(A) U [A,S]) N E(C) # O.
Take an edge zox3 in the intersection. Since xoxg € E(C) C En(G), we can
consider a separating group (xexs,S’; A’ B') such that zo € A" and z3 € B'.
Note that zo € AN A’. Let

Xi=A'NSUu(S'nS)u(Ans),
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Xo=(ANSHU (NS u(SnB),

Xzs=(B'NnSHu(s'nsS)u(BNS),

Xy=("NB)US'NS)uU (SN A).

We distinguish the following cases to complete the proof.

Case 1. z3€ ANB and ; € A’ N B.

Since A’ N B # ), we know that X, is a vertex-cut of the graph G — x1x5.
Since G is 4-connected and so G — x1x5 is 3-connected, we have that | X,| > 3.
Similarly, X5 is a vertex-cut of G — zaz3 and so | Xs| > 3. Since | Xo| + | Xy4| =
|S| 4+ |S’| = 6, we get that | X5| = | X4| = 3, and hence |4’ N S| =|AN S| and
|IBNS'| =|B'NS|. Since |S| = |S’| = 3, we can distinguish the following four
subcases for the value |[BN S| = |B' N S]|.

Subcase 1.1. |BNYS'|=|B'NS|=3.

Note that |S| = |S’| = 3. This implies that |X;| = 0. Hence, {z1,z3} is a

2-vertex-cut of G, which contradicts that G is 4-connected.

Subcase 1.2. |BNYS'|=|B'NS|=2.

We claim that S NS = . If not, since |S| = |S'| = 3, we get that
|ISNS| = 1. Then AANS = ANS = O, and hence |X;| = 1. Then
Xy U{zy, 23} is a 3-vertex-cut of G, which contradicts that G is 4-connected.
Therefore, SNS" = O, and so |A'NS| = |ANS’| = 1. This implies that | X;| = 2.
We claim that AN A" = {x5}. Otherwise, |[ANA’| > 2. Then since | X;| = 2, it
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is easy to see that {xo} U X is a 3-vertex-cut of G, a contradiction. Therefore,
ANA" = {xo}. Next, we claim that ANB’ = {x3}. Otherwise, |[ANB’| > 2. Let
Ay =ANB', S; = Xy and By = G—xx3— 51— A;. Then (2923, 51; A1, By) isa
separating group of G. Since zox3 € Fy, A; is an Ey-edge-vertex-cut fragment
of G. Since A; C A, this contradicts that A is an Ey-edge-vertex end-fragment.
Therefore, AN B’ = {x3}. Let ANS" ={a}, ANS = {b} and B'NS = {u,v}.
We claim ab € E(G). If not, then {u,v,z5} would be a 3-vertex-cut of G,
which contradicts that G is 4-connected. Therefore, ab € E(G). It is easy
to see that I'g(xe) = {x1,23,a,b} and T'g(x3) = {a,u,v,x2}. First, we let
ey =ab, S1 ={x}U(BNY), Ay =A'N(BUS)and B; =G —e; — 51 — A;.
Then (e, S1; A1, By) is a separating group of G, and so ab € En(G). Next, we
claim azs € Er(G). If not, axs € Ex(G), and hence there is a corresponding
separating group (azs, S1; Ay, By) such that a € A; and 23 € B;. Since axsrza
is a triangle of G, we have that xo € S;. Since z9x3 € En(G), by Theorem
2.1.2 we have that |By| = 2, say By = {v;,x3}. Then it is easy to see that
v1Tex3v; 18 a triangle of G and vy # a, which is impossible in G. Therefore,
ars € Er(G). Since C' is a cycle, z3 € V(C) and E(C) C Eyn(G), we have
that {zsu,z3v} N En(G) # . Without loss of generality, we assume that
z3u € En(G).

We claim that au ¢ E(G). By contradiction, suppose au € E(G). Since
zsu € En(G), there is a corresponding separating group (x3u, 17; Cy, D) such
that z3 € C1 and u € D;. So, 3 € C;N B and v € B'N D,. Since azrsua is a

triangle of G, we have a € T}, and so a € S"NT;. Let

Vi=A'NnT)u(S"'NnTy)u(CinS),

Yo=(C:NSHYU(S'NT)U (B ' NTy),

Ys=(B'NTy)uU(S'NTy) U (S NDy),
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Y, =(DNSYU(S' NTy)U (A NTy).

We distinguish the following cases to prove the claim.

(1.) x9 € A'NCy. Then Y] is a vertex-cut of G—xax3. Since G is 4-connected,
we have |Y;| > 3. Similarly, we have |Y3| > 3. Since |Y1|+|Y5| = |S|+|T1| = 6,
we have |Y;| = |Y3| = 3. Then |A'NT}| = |S'ND,| and |S'NC,| = |B'NT}| hold.
Since a € S'NT; and ab € Ex(G), by Theorem 2.1.4 we have that b ¢ T3 US".
Since bxy € E(G), we have b € A’ N Cy. From z3v € E(G) we know that
vg¢ DyNB' and sov € B'N(C,UTY). Clearly, |A'NTy| =|S"NDy| <2. We
discuss the following cases for the value |A'NT1| = |S" N Dy|.

(1.1.) |A'NTy| =1|5"ND,| = 2. Noticing that |T1| = |S’| =3 and a € S'NT}
we have that |[S" N Cy| = |B'NTy| = 0. Since avzrsa is a triangle of G, we
have v € B'N (4, and so |[B'NCy| > 2. Then {a,z3} is a 2-vertex-cut of G, a

contradiction.

(1.2.) [ANTy =1[8NDy| =1. Then |S"NTy| < 2. First, we claim that
B'ND; = {u}. If not, then |B'ND;| > 2. Since I'¢(a) = {xq, x3,u, v, b}, by the
foregoing arguments we have that I'¢(a)N(B'ND;) = {u}. So {u}U(Ys—{a})
is a 3-vertex-cut of G, a contradiction. Therefore, B’ N D; = {u}. Let
DinS =A{w}. If |01 =1,1ie, SNTy = {a}, then |Ys] = 3. Since
G is 4-connected, we have that Dy N A" = 0. So, u; € I'g(a). However, it is
easy to see that uy ¢ {xs,23,b,u,v}, a contradiction. Therefore, |S"NT}| = 2
must hold. Then A’ N Dy = @. If not, then Y; — {a} is a 3-vertex-cut of
G, a contradiction. So, A’ N D; = @ and it is easy to see that au; € E(G).

However, this would imply that u; € {b, u, v, xs, 23}, a contradiction.

(1.3.) |A'NTy| =|S"ND;| =0. Since D, is a connected subgraph of G, we
have that A’ N Dy = @. From |D;| > 2 we have that |D; N B’| > 2. Since
|Y5| = |71| = 3, by analogous arguments we have that I'¢(a)N(D;NB’) = {u}.
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So {u} U (Y3 — {a}) is a 3-vertex-cut of G, a contradiction.

(2.) z2 € AANTy. Since z3zy € En(G), by Theorem 2.1.2 we have that
|C1| = 2. Since (1 is a connected subgraph of G, we have that A’ N C; = Q.
If S"NCy # O, then due to |Cy| = 2, we have that |[S' N Cy| = 1. From
a € S'"NT; we have that |[D; N .S’| < 1. Since Y3 is a vertex-cut of G — z3u,
we have that |Y3] > 3, and so |B’ NTy| > 1. Noticing that |T7| = 3, we
get that A’ N1y = {x2} and |Ys| = 3. Since G is 4-connected, we have that
A'NDy = @. Hence, A" = {x5}, which contradicts that |A'| > 2. If '/NCy = O,
then |B'NCY| = 2. Since A'NTy # @, we have that |Yo| = |T1N(B'US")| < 2,
and so {x3} UY3 is a vertex-cut of G with cardinality less than 4, a contradic-

tion.

So we have proved and claim that au ¢ E(G). Let A; = {a,x2}, S1 =
{z3} U (S —{u}) and By = G — x129 — S1 — Ay. Then (2122, 51; A1, By) is a
separating group of G and x1x9 € Ey. So, A; is an Ey-edge-vertex-cut fragment
and A; C A, which contradicts that A is an Ey-edge-vertex-cut end-fragment.
This complete the proof of Subcase 1.2.

Subcase 1.3. |BNS'|=|B'NS|=1.

Then |SN S’ < 2. We distinguish the following cases for the value [SNS’|.

Subcase 1.3.1. |SNS'|=2.

Then [A'NS| =]ANYS’| =0 and so | X;| = 2. We claim that ANA" = {5}
If not, then |ANA’| > 2, and so X;U{z,} is a 3-vertex-cut of G, a contradiction.
Hence, AN A" = {z3}. Since |X;3| = 3, we claim that AN B’ = {z3}. Other-
wise, |ANB'| > 2. Let Ay = ANB,S; =Xy and B; = G — zox3 — S1 — Aj.
Then (zoxs, S1; A1, B) is a separating group of G. Since xox3 € FEy, Ap is
an Fy-edge-vertex-cut fragment and A; C A, which contradicts to that A is
an Ey-edge-vertex-cut end-fragment. Hence, AN B’ = {z3}. Then we have
that d(zg) = d(x3) = 4. Let SN S = {a,b}. Obviously, we have that

axsy, axs, brs, brs € E(G). Since C' is a longest cycle of G, it is easy to see that



4.1. SOME PRELIMINARY RESULTS 23

a,b € V(C). So in this case the conclusion of the lemma holds.

Subcase 1.3.2. |[SNYS'|=1.

Then |[A'N S| = |[ANS'| = 1. Since |Xy| = 3, by an argument analo-
gous to that used in Subcase 1.3.1 we can show that A N B’ = {x3}. Let
ANS ={a}, SNS ={b}, BNS ={c} and SN B = {u}. Since |X3| =3
and G is 4-connected, we have that B N B’ = (). Obviously, we have that
d(z3) = d(c) = 4,z3¢ € E(G), I'g(z3) NTg(c) = {a,b} and {z3,c} N A # O.
If z3c € E(C), since axsca and bxschb are triangles, we have a,b € V(C'), and
so the conclusions of Lemma 4.1.1 hold. Hence, we may assume z3c ¢ E(C).
Then we have that {axs,bxs} N E(C) # O, and so ¢ € V(C). It suffices to
prove a,b € V(C).

First we claim a € V(C). If not, then azs,ac ¢ E(C). Since cx3 ¢ E(C)
and bxrs € E(C), we have ¢ € V(C), and hence be, cu € E(C). Noticing that
E(C) C Enx(G), we have bc € En(G). However, be € E([S]), and use Theorem
2.1.4 we have bc € Eg(G), a contradiction. Therefore, a € V(C).

Next we claim b € V(C). If not, then bxs,bc ¢ E(C). Since ¢ € V(C),
we have that ac, cu, axs € E(C). Consider a separating group (axs, T"; C’, D’)
such that a € C" and x3 € D'. Then ¢ € T". Since I'¢(c) = {x3,a,b,u} and
au ¢ E(G), we have that b € C" and u € D'. Noticing ac € Ex(G), using The-
orem 2.1.2 we have that C" = {a,b}, and so ab € E(G). Since C is a longest
cycle of G, we have b € V(C). So in this case the conclusions of Lemma 4.1.1
hold.

Subcase 1.3.3. SNS' =0.

Then we have that [ANS'| = |[A'NS| = 2. Let ANS" = {a,b}, B'NS = {c}
and BNS" = {u}. Since | X3| = 2, we have that BN B’ = . By an argument
analogous to that used in Subcase 1.3.1 we can show that AN B’ = {x3}.
Then T'g(x3) = {x2,a,b,¢} and T'g(c) = {w3,a,b,u}. If cxz3 € E(C), by an

argument analogous to that used in Subcase 1.3.2 we can deduce the con-
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clusions of Lemma 4.1.1. If cz3 ¢ E(C), we may assume that azz € E(C).
Then ¢ € V(C). We claim b € V(C). If not, then ac,uc € E(C). Consider
a separating group (azs,Ty;Cy, Dq) such that 3 € C) and a € Dy. Then
¢ € Ty. Since ac € En(G), using Theorem 2.1.2 we have that |D;| = 2.
Since I'g(¢) = {z3,a,b,u}, we have that b € Dy or u € Dy. If u € Dy, then
au € FE(G), contradicting that a« € A and u € B; if b € Dy, then ab € E(G),
and so b € V(C), a contradiction. Hence, b € V(C'). Since d(x3) = d(c) = 4
and I'g(xz3) NTg(c) = {a,b}, in this case Lemma 4.1.1 is true.

Subcase 1.4. BNS' =0 =B'NS.

Then BNB' = @, B’ is an Ey-edge-vertex-cut fragment and B’ C A, which
contradicts that A is an FEy-edge-vertex-cut end-fragment. So, Subcase 1.4

does not occur.

Case 2. z3€ B NS and z; € A’ N B.

By arguments analogous to that used in Subcase 1.3.2 we can deduce that
ANA ={z},ANS ={a},SNA ={b},SNB ={x3,u} and SNS" = 0.
Hence d(z2) = d(a) = 4,az2 € E(G) and I'¢(z2) NT'g(a) = {b,x3}. Since
zoxy € E(C) and azsxsa is a triangle, we have a € V(C'). We claim b € V(C).
If not, then bxzy,ba ¢ E(C), and so axs,au € E(C). Consider a separating
group (axs, T';C’, D’) such that a € C" and xz3 € D', then x5 € T’. Since
Fg(xe) = {x3,a,b,21} and ab € E(G), we have that b € C" and x; € D'.
Noticing zex3 € En(G), from Theorem 2.1.2 we have that C' = {3, 2},
and so z173 € E(G), contradicting to that 1 € A’ and x5 € B’. Therefore,
b e V(C), and so in this case lemma holds.

Case 3. z3€ ANB and x; € BN S

By arguments analogous to that used in Case 2 we can deduce that ANA’ =
{z2},SNA ={b},ANS = {a} and SN S = . Since A is an Fy-edge-
vertex-cut end-fragment, by arguments analogous to that used in Subcase
1.3.1 we can deduce that AN B’ = {x3}. Hence d(z2) = d(b) = 4 and
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Fg(zg) NTg(b) = {a,x1}. Since x1xg, xoxs € E(C) and bryxeb and azszsa

are triangles, we have a,b € V(C), and so in this case lemma 4.1.1 holds.

Case 4. z3€ BPNnSand x; € BN S

By arguments analogous to that used in Case 2 we can deduce that ANA’ =
{z2},SNA ={b},ANnS" = {a} and SN S = O. Hence, d(z2) = d(b) = 4 and
Fg(ze) NTa(b) = {a,x1}. Since z129, 023 € E(C), and bxix2b and azsxsa
are triangles, we have a,b € V(C). So in this case Lemma 4.1.1 holds. This
completes the proof of the Lemma 4.1.1. [J

4.2 Removable Edges on Longest Cycles
Before proceeding, we introduce the following notations.

Definition 4.2.1. Let G be a 4-connected graph and H be a subgraph of
G. Ut V(H) = {u,v,z,2}, E(H) = {xz,ur,vx,uz,vz} and d(x) = d(z) = 4,
then H is called a bi-triangle, and x, z are called its inner vertices. If a cycle
C of G contains the vertices u, v, x and z, we say that C' passes through the
bi-triangle H.

We now have all the ingredients to present and prove the two main results

of this chapter.

Theorem 4.2.1. Let G be a 4-connected graph with |G| > 8. If a longest
cycle C of G does not pass through any bi-triangle, then C' contains at least

two removable edges.

Proof. By contradiction. Suppose C' contains at most one removable edge of
G. Let F = E(C)NER(G). Then |F| < 1. Let Ey = E(C)—F, and so Ey # O.
Then for an edge uw in Ey, there is a separating group (uw, S’; A’, B") of G such
that u € A" and w € B’. Since |F| < 1, we have that (E(A")U[A’, S'])NF = @,
or (E(B")U[B,S])NF = . Without loss of generality, we assume that
(E(A)U[A",S]) NF = . Since A’ is an Ej-edge-vertex-cut fragment, there
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must exist an Eg-edge-vertex-cut end-fragment contained in A’, say A. Then
corresponding to A there is a separating group (xy,S; A, B) of G such that
r € A y € B, |S| =3and xy € Ey. Obviously, (E(A)U[A,S))NF = 0.
Since C'is a cycle of G, there exists an edge zz € E(C)N(E(A)U[A,S]) # O.
Analogously, we consider the separating group (zz,S’; A’, B") of G such that
x € A,z € B'. By analogous arguments as used in the proof of Lemma 4.1.1
we can show that C' passes through at least one bi-triangle, which contradicts

the assumption of the theorem. This completes the proof. [

Theorem 4.2.2. Let G be a 4-connected graph with |G| > 8. If a longest
cycle C' of G passes through at most one bi-triangle, then C' contains at least

one removable edge.

Proof. By contradiction. Suppose C' does not contain any removable edge.
Let Ey = E(C). If C does not pass through any bi-triangle, then by Theorem
4.2.1 the theorem holds. So, next we assume that C' passes through precisely
one bi-triangle H as defined in Definition 4.2.1. We consider an Ey-edge-vertex-
cut end-fragment A and its corresponding separating group (ww’, S; A, B) of G
such that w € A and v’ € B. If xz = ww’, we may assume that z = w, z = w'.
Then from Lemma 4.1.1 there exists an inner vertex 2’ € A and 2/ € V(C). Let
H’ be the bi-triangle containing z’ as its inner vertex. By Lemma 4.1.1 we know
that C' passes through H'. Tt is easy to see that V(H') C V(A)UV(S), and so
z ¢ V(H') and H # H’, which contradicts that C' passes through only one bi-
triangle. If 2z # ww’, using Lemma 4.1.3 we have that V(H) C V(A)UV(S),
and so V(H)NV(B) = . Then B must contain an Ey-edge-vertex-cut end-
fragment B’ satisfying V(B') NV (H) = . Since B’ is an Ey-edge-vertex-cut
end-fragment, by Lemma 4.1.1 there are vertices 2/, 2/, v/, v" € V(C') such that
¥2 € E(G),dx) =d(2) =4,Ta(@)NTq(2) = {,v'} and {2/, 2/} N B" # O.
So C' passes through the bi-triangle H' and H' # H, which contradicts that C'
passes through only one bi-triangle. This completes the proof. []



Chapter 5

Removable Edges on a Hamilton
Cycle in a 4-Connected Graph

In this chapter we study the distribution of removable edges on a Hamilton
cycle in a 4-connected graph, and give examples to show that some results are

in some sense best possible.

5.1 Some Preliminary Results

Before we give the main results of this chapter, we first show the following
Lemma.

Lemma 5.1.1. Let G be a 4-connected graph, Ey C Ex(G) and Ey # O.
Let (xy,S; A, B) be a separating group of G such that v € Ajy € B,S =
{a,b,c},xy € Ey. If A is an Ey-edge-vertex end-fragment of G, and |A| > 3,
then one of the following conclusions (i), (ii) or (iii) holds:

(i) (BE(AUIAS)NE,=0O.

(ii) There exists a separating group (z'y', S'; A', B') of G such that ' € A’y €
B’ z'y € Ey, B' is a 1-edge-vertex-cut atom, and |[ANB'| =|B'NS| =1.

(iii) There exists a separating group (xy', S’; A', B') of G such that x € A’y €
Bzy € By, ANA = {z},|AnS'|=1,AnB ={y'},|B'NnS|=2.

Proof. (E(A)U[A,S])NEy = . Then conclusion (i) holds. So next we may
assume that (E(A)U[A, S])NEy # O, and so we have that either E(A)NEy # O

57
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or [A,S]N Ey # O holds. We distinguish the following cases to complete the

proof.

Case 1. There exists an edge uz € E(A) N Ey.

We consider the separating group (uz,T;C, D) such that w € C,z € D.
Then we have u € ANC,z€ AN D. Let

X, =(CNS)USNT)U(ANT)

Xy = (ANT)U(SNT)U(DNS)

Xs=DnSHuSNnT)u(BNT)

Xy=(BNTHUSNnTHUu(CNS)
We distinguish the following subcases to complete the proof of Case 1.
Subcase 1.1. = # u. Then we have x € ANC, ANT, or AN D.
(1.) z€ ANnC. Then we have that y € BNC or BNT.

(1.1.) ye€ BNC. Since AND # O, X, is a vertex-cut of G — uz. Since
G is 4-connected, |X3| > 3. By similar arguments, we get that |X,| > 3.
Noticing that |Xs| + | X4| = S| + |T'| = 6, we have | Xs| = |X4| = 3, and so
ISNC| = |ANT|,|BNT| =|DnS|. First, we claim that AN D = {z}.
Otherwise, |[AND| > 2. Let Ay =AND,S; = Xo,B; =G —uz— 5 — A;.
Then (uz,Si; Ay, By) is a separating group of G. Since uz € Ey, A; is an
Ey-edge-vertex-cut fragment contained in A, which contradicts the fact that
A is an Ey-edge-vertex-cut end-fragment. Hence AN D = {z}. Since |D| > 2
and D is a connected subgraph of G, DN S # @ # BNT. Combining with
|D N S| =|BNT|, next we make observations on |D N S| as follows:

(1.1.1.) |DnS|=|BNT|=3. Noticing |S| = |T| = 3, it is easy to see that
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| X1| = 0. Then {z,y} is a 2-vertex-cut of G, a contradiction.

(1.1.2.) |DnS|=|BNT|=2. Since X is a vertex-cut of G —uz—zy and G is
4-connected, we have | X;| > 2, which implies |[SNC| = |ANT| = 1,|SNT| = 0.
Noticing z,u € ANC, we have [ANC| > 2. Let Ay = ANC,S; ={z} UXj,
By = G—zy— X; — A;. Then (zy,S1; Ay, By) is a separating group of G.
Since zy € Ey, Ay is an Ey-edge-vertex-cut fragment contained in A, which

contradicts the fact that A is an Ey-edge-vertex-cut end-fragment.

(1.1.3.) |BNT|=|DnS| =1 Obviously, |[SNT| < 2. We claim that
SNT # 2. Otherwise, |[SNT| = 2, and then |[CN S| = |[ANT| = 0.
Let Ay = ANnC,S; = (SNT)U{z},B; = G—ay —S; — A;. Then
(xy,S1; A1, By) is a separating group of G. Since zy € Ej, A; is an FEy-
edge-vertex-cut fragment contained in A, which contradicts the fact that A
is an FEj-edge-vertex-cut end-fragment. Hence |[SNT| # 2, ie., |[SNT| < 1.
Then we have |X3| < 3, and so BN D = (. It is easy to see that D is a
l-edge-vertex-cut atom, and [AND| = 1,|SND| =1, |BNT| = 1. Let
D=B.T=5,C=A,u=1,z=1y" Then conclusion (ii) holds.

(1.2.) y € BNT. Since AND # O, X, is a vertex-cut of G —wuz. So | X3| > 3,
and hence |[DNS| > |BNT| > 1. Using |S| = 3, we have |CNS| < 2. Noticing
that | Xo|+|X4| = |S|+|T| = 6, it follows | X,| < 3. Since G is 4-connected, we
have BNC =0. If CNS =, then C = ANC. It is easy to see that C' is an
FEy-edge-vertex-cut fragment contained in A, which contradicts the fact that
A is an FEy-edge-vertex-cut end-fragment. Hence C NS # O. If SNT # O,
then |SNT|=1,and |CNS|=|DNS|=1. Since |DNS| > |BNT|, we have
BNT = {y}. Obviously, now we obtain |X3| = 3, and so BN D = . Hence
B = BNT = {y}, which contradicts |B| > 2, and so SNT = 0. If |CNS| = 2,
then |[DN S| =1, and so |[BNT| = 1. Now we have | X;| =2,s0 BND =0,
and hence B = {y}, which contradicts |B| > 2. Hence, |C' N S| = 1, and so
|ISND| =2 If | BNT| =1, by similar arguments, we get that |B| = 1, a
contradiction. Hence, |[BNT| = 2, then |[ANT| = 1, and so |X;| = 2. Noticing
that |[ANC| > 2, welet A; = ANC, S} = X;U{z}, B| = G—zy— 51— Ay, then
(zy, St; A1, By) is a separating group of G. Since zy € Ejy, A; is an Ey-edge-
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vertex-cut fragment contained in A, which contradicts the assumption that A

is an Ey-edge-vertex-cut end-fragment. So (1.2) does not occur.

(20) =z € ANT. By Theorem 2.1.4, we know that y ¢ BNT. By
symmetry, we may assume that y € BN C. Since AND # O, X, is a
vertex-cut of G — uz, and so |X3| > 3. By similar arguments, we get that
| X4| > 3. Since | Xo| 4+ |X4| = |S]| +|T'| = 6, we have | X;| = | X4| = 3, and so
ISNC|=|ANnT|,|BNT| =|DnNS|. By similar arguments as used in (1.1)
we conclude that AN D = {z}. Since |D| > 2 and D is a connected subgraph
of G, we have DN S # (). Since ANC # ), we find that X; is a vertex-cut
of G — uz, then |X;| > 3, and so |[SNC| > |BNT|,|ANnT| > |DnNS|. By
| X1 |+|X3| = |S|+]|T| = 6, we have | X3| < 3. Since G is 4-connected, it follows
that BN D = . Noticing |[ANT| > |DNS|, we have |[DNS|=|BNT|=1.
Obviously, here D is a l-edge-vertex-cut atom. Let D = BT = S',C =

A'Ju=2a',z=1y'. Then conclusion (ii) holds.

(3.) = € AnD. By symmetry, analogous arguments as used in (1.) can prove

the conclusion.

Subcase 1.2. uv = z.

Then we have that xt € ANC, y € BNC or BNT. We distinguish the

following Subcases to complete the proof of Subcase 1.2.

(1.) ye BNC. Since AND # O, X, is a vertex-cut of G — xz. Since G is
4-connected, we have | X,| > 3. By similar arguments, we get that | X,| > 3.
Noticing |Xs| + [X4| = |S| + |T] = 6, we find |Xy| = |X4| = 3, and so
ISNC|=|ANT|,|BNT|=|DNS|. First, we claim that AN D = {z}. Oth-
erwise, |[AND|>2. Let Ay =AND,S =X3,B, =G —xz— 51 — Ay, then
(xz,S1; A1, By) is a separating group of G. Since xz € Ey, A; is an Fy-edge-
vertex-cut fragment contained in A, which contradicts the assumption that A
is an FEjy-edge-vertex-cut end-fragment. Hence AN D = {z}. Since |D| > 2
and D is a connected subgraph, we have SN D # Q. If |[DNS| = |BNT| = 3,

then it is easy to see that {y,z} is a 2-vertex-cut of G, a contradiction. So
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DNS|=|BNT| <2

(1.1.) |BNT|=|DnNS|=2. Since X, is a vertex-cut of G —zy —zz, we have
| X1| > 2. Note that |S| = |T'| = 3 if and only if |SNC| = |[ANT| =1,SNT = O
hold. Here we claim that AN C = {z}. Otherwise, |[A N C| > 2, then it
is easy to see that {x} U X; is a 3-vertex-cut of G, a contradiction. Let
z=y,C=AT=5,D = B. Then conclusion (iii) of the theorem holds.

(1.2.) |IBNT|=|DnS|=1.1f|SNT|=2,then [CNS|=|ANT|=0.
Here we have |A| = 2, which contradicts |A| > 3. Then we have [SNT]| < 1.
So | X3| <3, and hence BN D = . Here D is a 1-edge-vertex-cut atom, and
|JAND|=|DNnS| =1 Leta =2,z =y ,C =AT=5,D=DB" Then

conclusion (ii) of theorem holds.

(2.) y € BNT. By Theorem 2.1.2, we obtain |C| = 2. We claim that
CNS # . Otherwise, SN C = . Since C is a connected subgraph, we
have BNC = @. Then C = ANC, and C' is an Ey-edge-vertex-cut fragment
contained in A, which contradicts the assumption that A is an Ey-edge-vertex-
cut end-fragment. So |[ANC| = |[SNC| = 1. Noticing |S| = 3, we have
|ISN(DUT)| =2. If BNT ={y}, then | X3| = 3, and so BN D = . Here we
find B = {y}, which contradicts |[B| > 2. Hence |[BNT| > 2. If [ BNT| = 3.
Then TN(AUS) = @ and | X;| = 1. Here we get that X; U{y, z} is a 3-vertex-
cut of G, a contradiction. So |[BNT| =2, and |[ANC| =|SNC| =1. Let
x=y,z=2,C=B,T=5,D=A" So conclusion (ii) of theorem holds.

Case 2. There exists an edge uz € [A, S] N Ey.

Obviously, u # x. Otherwise, u = x, and by Theorem 2.1.2, we obtain
|A] = 2, which contradicts |A| > 3. Analogously, we consider the sepa-
rating group (uz,7;C, D) such that u € C,z € D. It is easy to see that
ue ANC,z € SN D. The definition of X7, X5, X3, X, is same as in Case 1.

Here we distinguish subcases to complete the proof.

Subcase 2.1. z€ ANC,ye BNC.
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Since BN C # O, X, is a vertex-cut of G — xy, and so |X,| > 3. Since
| Xo|+|X4| = |S|+]|T| = 6, we have | X5| < 3,and so AND = 0. If ANT = O,
then A = ANC, and so [ANC| > 3. Since X is a vertex-cut of G — uz — xy,
then | X;| > 2. Note that DN.S # O if and only if | X;| = |[SN(CUT)| = 2. We
let Ay = A—{u},S; = XyU{u}, By = G—zy— 51— A;. Then (zy, Si; A1, B1)
is a separating group of GG, and A; is an FEjy-edge-vertex-cut fragment con-
tained in A, which contradicts that A is an Ey-edge-vertex-cut end-fragment.
So ANT # @, and hence |[TN(BUS)| <2. If SND = {z}. Then | X;| < 3,
and so BND = @ and D = {z}, which contradicts |D| > 2. Hence |DNS| > 2,
and then [SN(CUT)| < 1. Noticing that | X4| > 3, we have |[BNT'| > 2, which
implies |[BNT| =2,]ANT|=1. So SNT = . Here we have |X;| = 2. Let
Ay =ANC, S =X U{z},By =G —zy— S, — Ay. Then (zy, Si; Ay, By) is
a separating group of GG, and A; is an Ey-edge-vertex-cut fragment contained
in A, which contradicts the assumption that A is an Fy-edge-vertex-cut end-

fragment. Therefore, Subcase 2.1 does not occur.

Subcase 2.2. xr € ANC,ye BNT.

Since X is a vertex-cut of G — xy — uz, we have | X;| > 2. First, we show
that ANT = @ holds. If ANT # O, then we claim that |X;| > 3. Other-
wise, | X1]| = 2. Obviously, [ANC| > 2. Let Ay =ANC, S, =X,U{z},B =
G—xzy—S1—A;. Then (zy, Si; Ay, By) is a separating group of G, and A; is an
Ey—edge-vertex-cut fragment contained in A, which contradicts the assump-
tion that A is an Ey—edge-vertex-cut end-fragment. So, | X;| > 3, and |[CNS| >
|IBNT| > 1,|]ANT| > |DnNS| > 1, which implies that |[BNT| = |DNS| = 1.
Since | X;| + |X3| = 6, we have |X3] < 3, and so BN D = @. By |D| > 2,
we know that AN D # ) and then we have | X3| > 4 and |X4| < 2. Hence
|IBNC| =0, and B = {y}, which contradicts |B| > 2. Therefore, ANT = Q.
Since A is a connected subgraph, AN D = @, and so |A| = |[ANC| > 3.
Since D NS # O and |S| = 3, we have |X;| = |[SN(CUT)| = 2. We let
Ay =A—A{u},S; = Xy U{u}, By = G—xy— S — A;. Then (zy, Sy; A1, By) is
a separating group of G, and A; is an Ey—edge-vertex-cut fragment contained

in A, a contradiction to the assumption. Therefore, Subcase 2.2 does not oc-
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cur.

Subcase 2.3. r€e ANT,ye BNnC.

Since BN C # 0, X, is a vertex-cut of G — xy, and then |X4| > 3. Since
| Xo| + | X4 = |S|+ |T| = 6, we have | X5| < 3, and so AN D = @. Analo-
gously, since X is a vertex-cut of G — uz, we have |X;| > 3. Noticing that
| X1|+]X3] =6, we find | X3| < 3, and so BND = . Hence |D| = |DNS| > 2.
Noticing that |S| = 3, we have |SN (CUT)| < 1. From |X4| > 3, we get that
|BNT| > 2. Then it is easy to see that [ANT| =1,5NT = @. Obviously,
| X1| < 2, which contradicts the fact that |X;| > 3. So, Subcase 2.3 does not

occur.

Subcase 2.4. xr € ANT,ye BN D.

Since X is a vertex-cut of G — uz, we have |X;| > 3. Similarly, | X3| > 3.
Since | X1| + | X3| = |S| + |T'| = 6, we conclude | X;| = | X3| = 3. Then we get
that |[ANT|=|DNS|,|CNS|=|BNT|. First, we claim that ANC = {u}.
Otherwise, |[ANC| > 2. Welet Ay = ANC,S; =X;,B; =G —uz— 51— A;.
Then (uz,S; A1, By) is a separating group of G, and A; is an Ey—edge-
vertex-cut fragment contained in A, which contradicts the assumption that
A is an Ej—edge-vertex-cut end-fragment. So AN C = {u}. Since C is
a connected subgraph and |C| > 2, we have [C N S| = |BNT| > 1. If
|CNS|=|BNT|=2,then SNT =0, |ANT| = |DNS| = 1. Clearly, we have
|X2| = 2. Then AN D = ). Here we have that |A| = 2, which contradicts
|A| > 3. So |SNC|=|BNT| =1, and C is a l-edge-vertex-cut atom, and
IANC|=1|CnNnS|=1. Let u=1y,z=2,C =B ,T=5,D=A. Then

conclusion (ii) holds.
Subcase 2.5. r€e AND,ye BNT.
Since X is a vertex-cut of G — zy, we have |Xs| > 3. By |Xs| + |X4| =

|S| 4+ |T'| = 6, we know | X4| < 3. Then BN C = . By similar arguments, we
obtain BND = (. Then we have that |B| = |[BNT| > 2. Noticing that A is a
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connected subgraph, we have ANT # @, which implies |[ANT| =1, |BNT| = 2
and SNT = . Since |X3| > 3, we have that [DN S| > 2 and |[CN S| < 1.
Here we have that |X;| < 2, which contradicts the assumption that X; is a

vertex-cut of G — uz. So Subcase 2.5 does not occur.

Subcase 2.6. t € AND,ye BND.

Since X3 is a vertex-cut of G — xy, we have |X5| > 3. By |Xo| + | X4| =
|S| + |T'| = 6, we know that |Xy| < 3, and so BN C = 0. We claim that
CNS # O. Otherwise, it is easy to see that C'is an Ey-edge-vertex-cut fragment
contained in A, contradicting the assumption that A is an Fy-edge-vertex-cut
end-fragment. So CNS # ). Noticing that X is a vertex-cut of G—uz, we get
| X1| > 3. Similarly, we have that |X3| > 3. By | X1| + | X3| = |S| +|T| = 6, we
know that | X;| = | X3| =3, and so |[CNS| = |BNT| > 1,|ANT| = |DNS| > 1.
If |CNS|=2,then [ANT|=|DNS| =1, and so | Xs| = 2, a contradiction.
Therefore, |CNS| = |BNT| = 1. We claim that AN C = {u}. Otherwise,
if |AﬂC| Z 2, we let Al = AﬁC,Sl :Xl,Bl = G—UZ—Xl —Al. Then
(uz,S1; Ay, By) is a separating group of G, and A; is an Ey-edge-vertex-cut
fragment, a contradiction. So ANC = {u}. Let z =2, u =y ,C =BT =
S’ D = A'. Therefore, conclusion (ii) holds. This completes the proof. [J

Lemma 5.1.2. Let G be a 4-connected graph and (xy,S; A, B) a separating
group of G such that x € B,y € A. If there exists another edge yz € En(G)
such that its corresponding separating group (yz,S’; A', B") withy € A,z € B’
satisfy the following conditions:

(1) AnA ={y},AnB ={z}, AnS" ={a},A’NnS ={b},BNS = {u,v}
such that a,b,u,v € G.

(ii) {zu, 20} N EN(G) # O,ab € Ex(G).
Then au and av cannot belong to E(G) simultaneously.

Proof. By contradiction. Assume au,av € E(G). Without loss of generality,
we may assume that zu € Ey(G). Then consider the corresponding separating
group (zu,Ty;Cq, Dy) such that z € Cj,u € D;. Then we have that z €
CiNB',ue B'ND,. Since azua is a 3-cycle of G, we conclude a € T3, and so
a€S'NT;. Let
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Vi=(A'NnT)u((S'NnTy)u(Cins)

Yo=(CyNnSHYUS'NTY)U(B' NTY)

Ys=(B'NTy)U(S'NTy) U (S N D)

Y,=(D:nNSHYU(S' NTy)U (A NTy)

Obviously, y € A’ N C; or A’ NT;. Next we distinguish the following cases to
complete the proof.

Case 1. ye A NC,.

Then V) is a vertex-cut of G —yz. Since G is 4-connected, we have |Y;| > 3.
By similar arguments, we deduce that |Y;| > 3. Since |Y1|+|Y3]| = ||+ |T1| =
6, we obtain |Y;| = |Y3| = 3, and so |[A'NTy| = |S'N Dy, |S'NCy| = |B' NT1.
Since a € S'NT}; and ab € En(G), by Theorem 2.1.4 we find b ¢ T} and b ¢ S'.
Since by € E(G), we have that b € A’ N C}. Since zv € E(G) and v € B’ we
know v € B'N(Cy UTy). Hence, |A'NTy|=1[S"NDy| =0,1or 2.

Now we distinguish the following Subcases for the value of |A’ N T}| and
|Dy NS
Subcase 1.1. |A'NTy|=|D;NS'| =2

Noticing that |T1]| = |S’| = 3 and a € S'NT}, we have |[S'NC,| = |B'NT}| =
0. Since avza is a 3-cycle of G, we have that v € B'NCY, and so |B'NCY| > 2.

Then {a, z} is a 2-vertex-cut of G, which contradicts that G is a 4-connected

graph.

Subcase 1.2. [A'NT\|=|DiNnS| =1
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Then |S' N Ty| < 2. First, we claim that B’ N D; = {u}. Otherwise,
|B" N Dy| > 2. Since I'¢(a) = {y, z,u,v,b}, by the foregoing arguments we
have that I'¢(a)N(B'ND;) = {u}. Then {u}U(Y3—{a}) is a 3-vertex-cut of G, a
contradiction. Hence, DyNB" = {u}. Let D;NS" = {u;}. If SNTy = {a}, then
|Y4] = 3. Since G is 4-connected, we deduce D; N A" = (. Then u; € T'g(a).
However, it is easy to see that u; ¢ {y, z, b, u, v} holds, a contradiction. There-
fore, |S'NT1| = 2. Tt is easy to see that ['g(a)N(A'ND;) = 0. If AND; # O,
then Yy — {a} is a 3-vertex-cut of G, a contradiction. If A’ND; = O, it is easy
to see that au; € F(G) holds. However, u; & {b,u,v,y, 2z}, a contradiction.

Subcase 1.3. [A'NTi|=|D;NS'|=0.

Since D is a connected subgraph of G, we find A’'ND; = @. Since |D;| > 2,
we have that |[D; N B’| > 2. By an analogous argument we can deduce that
Lg(a)n(Dy N B') = {u}. Since |Y3| = |T1] = 3, {u} U (Y3 — {a}) is a 3-vertex-

cut of G, a contradiction.

Case 2. ye A'NTy.

Since yz € En(G), by Theorem 2.1.2 we conclude that |C;| = 2. Since
(' is a connected subgraph of G, we find that A N Cy = @. If ' NCy # O.
Since |C] = 2, we have that |[S’ N Cy| = 1. Note that a € ' N T}, we obtain
|D; N S| < 1. Since Y; is a vertex-cut of G — zu, it follows that |Y3| > 3, and
so |B'N1Ty| > 1. Noticing |T7]| = 3, we have that A'NT} = {y} and |Y,| = 3.
Since G is 4-connected, we deduce A’ N Dy = O, and therefore, we have that
A" = {y}, which contradicts |A’'| > 2. If S'NC} = O, then |B'NC}| = 2. Since
A'NTy # O, we have that |Yo| = |11 N (B'US")| <2, and so {z} UY, is a

vertex-cut of G. However, [{z} UY3| < 4, a contradiction.

From all the above arguments we conclude that au,av cannot belong to

E(G) simultaneously. This completes the proof. [J
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5.2 Removable Edges on the Hamilton Cycles
Before we present our main results, we first introduce the following definition:

Definition 5.2.1. Let G be a 4-connected graph, C' a cycle of GG, and
(xy,S; A, B) a 2-atom separating group. We say that C' passes through a
2-atom if z,y € V(C).

The following lemma is used in the proof of the main result:

Lemma 5.2.1. Let G be a 4-connected graph with |G| > 7, and let C' be
a cycle which does not pass through any 2-atom. Then there are at least two

removable edges on C'.

Proof. By contradiction. Assume that C' does not pass through any 2-atom of
G, and there is at most one removable edge of G in C. Let F' = E(C)NER(G),
then |F| < 1. Denote E(C') — F by Ey. We consider the separating group
(uw, S"; A', B') such that uw € A',w € B and uw € Ey. By |F| < 1 we know
that (E(A)YU[A,S)NF =0 or (E(B)U[S, B'])NF = . Without loss of
generality, we may assume (E(A")U[A, S'])NF = @. Since A’ is an Ey-edge-
vertex-cut fragment, A’ must contain an Ey-edge-vertex-cut end-fragment as
its subgraph, say A. Then we have (F(A) U [A,S]) N F = @. We consider a
separating group (zy, S; A, B) such that z € A,y € B with zy € E,. Since
C' does not pass through any 2-atom, we have |A| > 3. By Lemma 5.1.1, we
know that one of the three conclusions of Lemma 5.1.1 holds. Here we discuss

them as follows:

(1.) Since (E(A)U[A,S]) N F = @, obviously, the conclusion (i) does not
hold.

(2.) By the assumption, we know that the conclusion (ii) of Lemma 5.1.1
does not hold.

(3.) If the conclusion (iii) of Lemma 5.1.1 holds, let ANS" ={w},B' NS =
{u,v},Te(y) = {w,u,v,x}. Since |B’| > 3, by Theorem 2.1.2 we have
y'w € Eg(G). Noticing that C is a cycle and (E(A) U [A,S]) N F = O, we
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conclude {y'u,y'v} N Ex(G) # @. By Lemma 5.1.2, we have that wu, wv can-
not belong to E(G) simultaneously. Without loss of generality, we may assume
that wu ¢ E(G). Let Ag = A—{y'}, So = SU{y'} —{u}, By = G—xy—Sy— Ap.
Then Ay is an Fy-edge-vertex-cut fragment contained in A, which contradicts
the assumption that A is an Fy-edge-vertex-cut end-fragment. So, Conclusion
(iii) does not hold. This complete the proof. [

Now we present our main results.

Theorem 5.2.1. Let G be a 4-connected graph with |G| > 7, and C a Hamil-
ton cycle of G. If C' does not pass through any 2-atom of G, then there are at

least three removable edges on C'.

Proof. By contradiction. Assume that C' does not pass through any 2-atom.
If there exists a chord e of C' such that e € Ex(G), then e separates the cycle C'
into two cycles C; and (5. By Lemma 5.2.1 we know that both C; and C5 have
at least two removable edges, respectively, so that C' has at least four remov-
able edges. The conclusion holds. Now we assume that every chord of C' is a
removable edge of GG, and C' has at most two removable edges. By Lemma 5.2.1
we know that C' just has two removable edges. Let E(C) N Eg(G) = {e1,ea},
then we have that E(C) — {e1,e2} C En(G). We take zy € E(C) — {e1, €2}
and its corresponding separating group (xy, S; A, B) such that = € A,y € B.
Let Ey = E(C) — {e1, ez}, then A and B are Ey-edge-vertex-cut fragments.
Since every Fy-edge-vertex-cut fragment contains an Fy-edge-vertex-cut end-
fragment as its subgraph, without loss of generality, we may assume that A is

an Fy-edge-vertex-cut end-fragment.

If e1,e5 € E[S]. Since C is a cycle, we deduce that xz € E(C) N Ex(G) N
(E(A) U[A,S]) (2 # y). If zz € [AS], then we find |A] = 2, a contra-
diction. So, we have that xz € F(A) N Ex(G). We consider the separating
group (xz,S1; Ay, By) such that x € Ay, z € By. If y € BN Sy, then we obtain
|A1| = 2, a contradiction. Soy € A;NB. Let Y} = (A1NS)U(SNS;)U(BNSY),
Yo =(ANS)U(SNS) U (B NS). Since Y; is a vertex-cut of G — xy
and Y, is a vertex-cut of G — xz, which implies that both |Y;| > 3 and
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|Ya| > 3 holds. Since |Yi| + |Ya] = 6, we have that |Yi| = |Y3| = 3, and
so |ANS, | =]A1NS|, |BiNS| = |BNS;i|. We claim that AN By = {z} holds.
Otherwise, (zz, Ys) is a separating pair of G and ANDB; is an Ey-edge-vertex-cut
fragment contained in A. This contradicts the fact that A is an Ey-edge-vertex-
cut end-fragment. Let zz' € E(C), then 2z’ € Ex(G). If 2/ € S, by Theorem
2.1.2 we conclude |B;| = 2, a contradiction. So 2’ € B;. Since AN B’ = {z},
we have 2/ € S. From ey, ey € [S], we claim that SN S; # . Otherwise,
|B; N'S| = 3 holds. Then {z,y} is a 2-vertex-cut of G, a contradiction. So
SN S| > 1, and then |B; NS| < 2. If |[ByNS| =2, then [SN S| =1, and
{z,y} U (SN S is a 3-vertex-cut of G, a contradiction. So, B; NS = {2'}. If
|ISN S| =2, then ANS; =0 = A;NS. We claim that |A] = 2. Otherwise,
|A| > 3 holds, and so |[AN Ay > 2. Then {z} U (SNS)) is a 3-vertex-cut of
G, a contradiction. So, |A| = 2, a contradiction. Hence, |S N S;| = 1, and
|A;NS| = 1. Here we have that |[BN.S;|+[SNSi|+|B:1NS| = 3,s0 BNB; = O,

and |Bi| = 2, a contradiction.

Therefore, next we may assume that either (F(A) U[A,S]) N{e1, e} # O
or (E(B)U[B,S]) N{e,ea} # O holds. If (E(B) U [B,S]) N{e, e} = O,
then B must contain an Ey-edge-vertex-cut end-fragment as its subgraph, say
By, and consider its corresponding separating group (zoyo, So; Ao, Bo) such that
xo € Ao, Yo € By. It is easy to see that |(E(By)U[Sy, Bo]) NE(C)NER(G)| <1
holds. So, without loss of generality, we may assume |(E(A)U[A, S])NE(C)N
Er(G)| < 1. Let By = E(A)U[A, S)].

Since C' does not pass through any 2-atom, we have |A| > 3. By Lemma
5.1.1 we know that one of the conclusions (i),(ii) or (iii) holds. Next we will

discuss them respectively.

Case 1. Conclusion (i) holds.

Let t € A—{z}. Since t € C, and d(t) > 4, we have |[E;NE(C)NER(G)| >
2, which contradicts |Ey N E(C) N ER(G)| < 1.

Case 2. Obviously, according to the assumption, the conclusion (ii) does not
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hold.

Case 3. Conclusion (iii) holds.

We consider a separating group of G as in conclusion (iii) of Lemma 5.1.1.
Let BPNS = {bc}, ANS = {a},ANnS = {d}. First, we claim that
bd,cd € E(G). Otherwise, we may assume bd ¢ F(G). Let Ay = A—{y'}, S, =
S—{b}U{y'}, By = G—xy—S;—A;. Then (zy, Si; A1, By) is a separating group
and A; is an Fy-edge-vertex-cut fragment contained in A, a contradiction. It
is easy to see that (ad,{x,b,c}) is a separating pair of G, so ad € En(G).
Since every chord of C' is removable, we find ad € E(C). From Lemma 5.1.2
we know that y'b,y'c € Er(G). Since |B’| > 3, by Theorem 2.1.2 we know
that dy’ € Er(G).

(1.) dy' € E(C). Then we have by, cy’ ¢ E(C). Since ad € E(C'), we deduce
bd,cd ¢ E(C). We let P, denote the path going from vertex ¢’ to b on C' which
does not pass through vertex d, and P, going from vertex d to b on C and
does not pass through vertex y'. Let Cy = P, + by’ and Cy = P, + bd. Obvi-
ously, if bd € Er(G), then neither C nor Cy passes through any 2-atom. By
Lemma 5.2.1 we know that there are at least two removable edges on C; and
Cy, respectively. If bd € En(G), and if Cy pass through a 2-atom, then only
the 2-atom separating group (bd, Sp; Ao, By) through which bd passes happens.
We may assume that |Ag| = 2. Let Ag = {b, w}, it is easy to see that 3 € S,
then only w = ¢ holds. However, cd € E(G), a contradiction. Noticing that
dy' € Er(G) N E(C), so we have that in this case Theorem holds.

(2.) dy ¢ E(C). Without loss of generality, we may assume that by’ € E(C).

Next we distinguish the following cases to complete the proof:

(2.1.) bd € E(C). By |[E; N E(C)N Er(G)| <1 we know that bd € En(G).
We let P; denote the path going from vertex g’ to ¢ on cycle C' which does not
pass through vertex b, and P, going from vertex b to ¢ on cycle C' which does
not pass through vertex 3. Let C; = Py + ¢y’ and Cy = P, + be, then neither
C1 nor Cy passes through any 2-atom of G. By Lemma 5.2.1 we know that
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there are at least two removable edges on C and Cs, respectively. Noticing

by € Er(G) N E(C), the conclusion holds.

(2.2.) cd € E(C). Then bd ¢ E(C). We let P; denote the path going
from vertex y to d on cycle C' which does not pass through vertex b, and
P, going from vertex b to d on cycle C' and does not pass through vertex y'.
Let Cy = P, +dy and Cy = P, + bd. By similar arguments we deduce that
neither ' nor C5 passes through any 2-atom of G. By Lemma 5.2.1 we know
that there are at least two removable edges on € and C, respectively. Since
by € Er(G)N E(C), we know that in this case theorem holds. This completes
the proof. [

Lemma 5.2.2. Let G be a 4-connected graph with |G| > 7, C a cycle which
exactly contains one inner vertex of some maximal [-bi-fan H and does not
pass through any other subgraph belonging to R. Then there are at least two

removable edges on C'.

Proof. By contradiction. Assume that there is at most one removable edge
on C'. By Theorem 4.2.2 we know there is precisely one removable edges on C.
Let E(C)NER(G) ={e} = F. Let H be a maximal [-bi-fan as defined in Def-
inition 1.2.2. Based on the assumption |V (C) N (V(H) — {z1,x;13})| = 1 and
|[E(C) N Er(G)| =1, it can be checked easily that either x5 € C or x5 € C
holds. Without loss of generality, we may assume z;,5 € V(C'), and e = az;;2.
By letting S = {a, b, 113}, € = 2021, B' = {29, -+, 2132}, A = G—e'—S'— B/,
then (¢/,S"; A', B') is a separating group of G such that A’ does not contain any
inner vertex of the maximal [-bi-fan. From the assumption we have that A’ does
not contain any inner vertex of subgraph belonging to ®. Let Ey = E(C)—{e},
then A’ is an Fy-edge-vertex-cut fragment. Obviously, A’ contains an Fy-edge-
vertex-cut end-fragment as its subgraph, say A. It is easy to see that A does
not contain any inner vertex of H and (E(A) U [A,S]) N F = @. We consider
a separating group (xy, S; A, B) such that x € A,y € B with xy € Ey. Next

we will consider the following cases for |A].

(1.) |A] = 2. Then either A is a 1-edge-vertex-cut atom or a 2-edge-vertex-



72 CHAPTER 5. REMOVABLE EDGES ON A HAMILTON CYCLE
cut atom, say A = {x,z}. Let S = {a,b,c}.

(1.1.) Ais a 2-edge-vertex-cut atom. Since zy € E(C') and C is a cycle of G,
we have that {za,zb, zc,xz} N E(C) # . From Lemma 3.1.2 we know that
{za,xb,xc,xz} C ER(G), which contradicts (E(A) U [A,S])NEF = .

(1.2.) A is a l-edge-vertex-cut atom. By noticing that C' is a cycle of G
and (E(A)U[A,S]) N F = @, we have that {za,zb,xz} N Ex(G) # @. From
Corollary 3.1.1 we know that x is an inner vertex of one of the subgraphs of

G belonging to R, a contradiction.

(2.) |A| > 3. Then from Lemma 5.1.1 we know that one of the conclusion

(1),(ii) or (iii) of lemma holds.

(2.1.) If conclusion (i) holds. Since C'is a cycle, and (E(A)U[A, S])NF = O,

a contradiction is obtained.

(2.2.) If conclusion (ii) holds, we let AN B = {y'},Ta(y') = {2/,d, V', 2'}.
Noticing that C'is a cycle, and (E(A)U[A, S])NF = O, then {a'y/, by, y'2'} N
En(G) # . From Corollary 3.1.1 we know that vertex ¢’ is an inner vertex

of a subgraph belonging to R, a contradiction.

(2.3.) If conclusion (iii) holds. By noticing that C' is a cycle, Lemma 5.1.2

yields a contradiction.

Based on the above arguments we know that the assumption is not true.

Therefore, the lemma holds. This completes the proof of lemma.[]

Theorem 5.2.2. Let G be a 4-connected Hamilton graph with |G| > 7, C a
Hamilton cycle of G. Then if C' passes through only one subgraph (excluding
mazximal [-belt or l-co-belt) belonging to R, but doesn’t pass through any mazxi-

mal l-belt or l-co-belt, then there are at least two removable edges on C'.

Proof. By contradiction. Assume that C' passes through only one subgraph
belonging to # and doesn’t pass through any maximal [-belt or I-co-belt, but

there are at most one removable edge on cycle C'. Then we will discuss the
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cases as follows:

Case 1. C passes through helm H.

Let H be defined as in Definition 1.2.1. Since C' is a Hamilton cycle,
it is easy to see that there is at least one removable edge on C. Let F =
Er(G)N E(C), then |F| = 1. Without loss of generality, we may assume that
F = {x3z4}. According to the assumption, we have that E(C) — {xsz4} C
En(G). By letting e = x1v1, 5" = {vo,vs3,v4}, B = {a, 21,29, 23,24}, A" =
G—e—S"— B, then (e,5"; A’ B') is a separating group of GG such that A’ does
not contain any inner vertex of H with E(C)N(E(A)U[A, S')NER(G) = O.
Let Eg = E(C) — {x3x4}, then A’ is an Ey-edge-vertex-cut fragment of G such
that it does not contain any inner vertex of H. Obviously, A’ contains an
Ey-edge-vertex-cut end-fragment as its subgraph, say A. It is easy to see that
A does not contain any inner vertex of H and (E(A)U[A,S])NF = . And
we take a separating group (zy, S; A, B) such that x € A,y € B with zy € Ej.

Now we can apply similar arguments as used in Lemma 5.2.2 to get that

the Case 1 yields a contradiction.

Here we give an example to show that in this case the lower bound is sharp.

See figure 5.1.

Example 5.2.1. Let H be a helm as in Definition 1.2.1, V(H) = {a, x1, z2, T3,
Ly, V1, V2, Vs, U4}7 E(H) - {ax17 axo, AT3, AT 4, L1T2, T2X3, T3X4, L4X1, T1V1, T2V2,

noindentxzvs, T4v4}.

Let L = H—{vy,vq,v3,u4}, L' a copy of L such that V(L") = {d/, 2, 4, x4,
z)}. Now we construct a graph G as follows: V(G) = V(L) U V(L'), and
join vertices x1 to x|, z3 to x4, x3 to %, x4 to z), ), to x), respectively.
(x12%, {22, 3, 24}) is a separating pair of G, hence z12] € Ex(G). By symme-
try, we have that xox)y, x32h, v42) € En(G). 1t is easy to see that (a'z, {x}, 2,

x3}), (d'xh, {x}, 2, x1}) are separating pairs of G. So we have that a’z), a2} €
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En(G). Let C = zy2)d'vhxsrylxbrsaz,, then C is a Hamilton cycle through

which passes one helm and contains precisely two removable edges x3xy, x52.

AN A
——l

% NV

X2 X'

Removable edge

Unremovable edge

Figure 5.1:
Case 2. H is a W/-framework as defined in Definition 1.2.6.

Let F' = E(C) N Egr(G). Since C' is a Hamilton cycle and by assumption
|E(CYNER(G)| = 1, it can be checked easily that y;y2 € E(C') holds. By letting
S =A{x1, 23,04}, B = {2,992, y3}, A = G — y1y2 — S — B, then (y1y2,S; A, B)
is a separating group of G such that A does not contain any inner vertex of
H. From the assumption we can get that F'N (E(A) U[A,S]) = 0. We apply

similar arguments as used in Case 1 to prove that the conclusion holds.

Here we give an example to show that in this case the lower bound is sharp.

See figure 5.2.

Example 5.2.2. Let H be a W/-framework as in Definition 1.2.6 with
V(H) = {x1,%2,23,Y1,Y2,Y3,Ys}. Let L' be a graph as defined in Example
5.2.1, V(L) = {d, 2, b, %, 2, }. We construct a graph G as follows: Let
V(G) = V(H) = {y1,ya} UV(L), E(G) = (E(H) — {y192,ysya}) U E(L) U

/ / / / ! ! .
{$1$17 Y2y, Y3Tg, LoX3, T1T3, xﬂs}-

It can be checked easily that G is a 4-connected graph. First, we have that

(‘rlx/lv {l‘é, $g, l‘i;}), (x§$37 {xlla "L‘{?? xil})v (le‘iL? {xlla l‘/2, $g}), <y3fé; {1‘1, I3, y2})7
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(a'zly, {x, f, x3}), ('l {ya, ¥, ¥4 }) are separating pairs of G, so x12, Thrs,

/ VA S A W
Yoy, Y33, A Ty, A Ty S EN(G>

Let C = zxoxsaha' vhysysriairzy. Then C is a Hamilton cycle through
which passes precisely one W'-framework and contains two removable edges

! .
Y2Y3, T T3.

Y2 Y3

Removable edges

Unremovable edge

Figure 5.2:

Case 3. H is a W-framework defined as in Definition 1.2.5.

Since C is a Hamilton cycle and assumption |E(C) N Er(G)| = 1, it
is easy to see that y1yo € FE(C) and yys € E(C) N Egr(G). By letting
S =A{w1,x3,y4}, B =A{x2,92,9y3}, A = G—11y2 — S — B, then (y1y»2, 5; A, B) is
a separating group of GG such that A does not contain any inner vertex of the
W-framework, and Fr(G) N E(C) N (E(A) U [A,S]) = @. We apply similar

arguments as used in Case 1 to prove that the conclusion holds.

Here we give an example to show that in this case the lower bound is sharp.
See figure 5.3



76 CHAPTER 5. REMOVABLE EDGES ON A HAMILTON CYCLE

Example 5.2.3. Let H be a W-framework as in Definition 1.2.5, L a graph
such that V(L) = {d’, 2, 2}, 24, 2}, E(L) = {d'2!, d'xh, d' 2y, ')y, o xhy, xhaly,

/ / ! . ! .
TRy, Ty, T T}

Now we construct a graph G as follows: Let V(G) = V(L)UV(H)—{y1, 92},
E(G) = E(L)UE(H)—={y1y2, ysya} +{z127, 2523, yss, y2xy, 1103, 1123} 1t can
be checked easily that G is a 4-connected graph. We have that (zhzs, {2}, 25, 2 }),
(yszy, {1, 23, y2}), (Y2'y, {27, w5, w3}), (21200, {y2, w3, 25 }), ('), {2}, 25, 23}),
(a'zly, {yo, ), x4 }) are separating pairs of G. Let C' = xyxqw3xha vhysysrha’x;.

Obviously, C is a Hamilton cycle which contains two removable edges x| x4, y2ys3.

Removable edge

Unremovable edge

Figure 5.3:

Case 4. H is a maximal [-bi-fan which is defined as in Definition 1.2.2.

Here we have that either |E(C) N {axs, axs, -+, axi42} < 1 or [E(C)N
{bxo,bx3, -, brii2}| < 1 holds. Without loss of generality, we may assume
|E(C)N{axs,ars, -+, ax;2}] < 1. Next we distinguish the following two sub-

cases to complete the proof of Case4.

Subcase 4.1. {z129, xoxws, -, 1422113} C E(C).
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Let C = xqxg - xp10wyy3 - -vau---x1}. We let P; denote the path going
from a to x5 on C through which passes vertex u, and P, going from x;,5 to a
on C' through which passes vertex v. Then C; = P, +axs and Cy = P+ ax; o
are two cycles which contain just one inner vertex of [-bi-fan and don’t pass
through any other subgraph belonging to . By Lemma 5.2.2 we know that
C1 and (5 contain at least two removable edges respectively, so there are at

least two removable edges on C'.

Subcase 4.2. Forsomei € {2,--- 142}, we have that either {ax;, x;x; 11, -,
Tioxi3) C E(C) or {bxy, xwi1, -+, xp0x3) C E(C) holds.

Without loss of generality, we may assume {az;, x;z;11, -, Tp2Ti3}t C
E(C). From |E(C) N {azs,---,ax;2}| < 1, we deduce ({axq,---,ax;12} —
{ax;}) N E(C) = @. Then it is easy to see that only i = 2 holds. Let
C = awoxs---x119%43---ua. Let P denote the path going from z;.5 to a on
C' and passes through vertex u. Then C; = P + ax;y5 is a cycle of G which
passes through just one inner vertex of [-bi-fan and doesn’t pass through any
other subgraph belonging to ®. From Lemma 5.2.2 we know that C' contains
at least two removable edges, and so P contains at least one removable edge.
Since axy € E(C) — E(CY), therefore, there are at least two removable edges
on C.

Example 5.2.4. Here we give an example to show that in this case the lower

bound is sharp. See figure 5.4.

Let H be an [-bi-fan (I > 2) as defined in Definition 1.2.2, L a graph such as
V(L) ={d, 2, xh, a2}, E(L) = {d'2), d'xhy, 'z}, o' )y, 2 2y, whaly, alyal), )y

! 0
[L’lflf3 .

Now we construct a graph G as follows: First, we identify the vertex x;
with ), x;.3 with 2/, respectively. Then join the vertices a and x5, b and
x4, a and b. Obviously, G is a 4-connected graph. Similar arguments as used

in Example 5.2.2 can show that bz}, axh, x; 100, 222}, d'2), 'z, € En(G). Let
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C = axhd )z 0m141 - - - voxiahba, then C' is a Hamilton cycle through which

passes two removable edges x x4 and ab.

W

iy

A
X

Removableedges —————

Unremovable edge

Figure 5.4:

Noticing that in this conclusion, we do not discuss the case that C' pass
through only one [-belt or [-co-belt. In fact, even if for a Hamilton cycle C'
through which passes only one maximal [-belt or maximal /-co-belt, Theorem
3.2.2 can not be improved. We can give the examples to show that. See figure
5.5.

Example 5.2.5. (1.) Let H be a maximal [-belt as in Definition 1.2.3, and L
a graph such that V(L) = {d’, 2}, %, 2%, 2, }, E(L) = {d'2!, 'z}, 'z}, ' zl), ') )y,
whal, xhal, oy a2 xh}. Now we construct a graph G as follows: First , we iden-
tify the vertex x; with 2/, y;42 with 24, respectively. Then we connect vertices
y1 and x5, x4 and ), y; and x;,9, respectively. We denote the resulting
graph by G, it can be easily checked that G is a 4-connected graph. Similar
arguments can lead to the fact that zfzo, 2hy, 25y, vhx112 € En(G). Let
C = 2lxows - - x10x)d voy1ys - - - Y1 wh2), then C' is a Hamilton cycle which

contains only one removable edge =/ 5.
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(2.) Let H be a maximal [-co-belt as in Definition 1.2.4, and let L be de-
fined as in (1.), Now we construct a graph G as follows: First , we identify
the vertex x;13 with ), z; with 2/, respectively. Then connect vertices y;
and x4, y; and Y42, x5 and y;i9, respectively. It is easy to see that G is a
4-connected graph. Similar arguments can be used as in (1.) to show that
C = 2\ x2x3 - - - Tppoxyd' Thy Yo - - - Yiroxhx] is a Hamilton cycle which contains

only one removable edge xz5.

X x4’
Xg' X3’
X ] X g X\ \Xe
i Y2 - Vi Y
Removable edges
Unremovable edge
Figure 5.5:

Theorem 5.2.3. Let G be a 4-connected Hamilton graph with |G| > 7, and
let C' be a Hamilton cycle of G. Then the following conclusions hold: If C' pass
through just two subgraphs belonging to RN excluding maximal [-belt or l-co-belt,

then there is at least one removable edge on C.

Proof. By contradiction. Assume that C' passes through just two sub-
graphs (excluding maximal [-belt or [-co-belt) belonging to  and does not
pass through any maximal [-belt or [-co-belt, and there is no removable edge

on cycle C'. Then we will distinguish the following cases to complete the proof.

Case 1. ( passes through any two subgraphs as following: W’-framework,
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W -framework and helm.

Then it is easy to see that the conclusion holds.

Case 2. (G contains just two maximal [-bi-fan.

Let Hy = (a,b;xq,29, -, x5} and Hy = {d',0;y1,v2, -, Y3} be just
two maximal [-bi-fan and t-bi-fan which C passes through. Assume that
E(C)NER(G) = @. Then we can get that E(C)N{axy, axs, - - -, ax; 2, bxy, bxs,
c bryyo, d'ye, d'ys, A Yo, Vs, Wyt = . Consequence we have
{Z129, To3, -+, X1 10T 3, Y1Y2, -+ Yer2Yerst C E(C) holds. Without loss of
generality, we may assume C' = x1x9 - Tji3- - Y1y YpaolYprz - - - 1. Let P
denote the path going from x;,; to y; on cycle C' and does not pass through ys,
let P, denote the path going from ;41 to 1 on C' and does not pass through
xo. Since d(a) > 5,d(b) > 5,d(a’) > 5,d(V) > 5, vertices a,b,da’,b are not
inner vertices of [-bi-fan. So, we have that a € P, or a € P,. Without loss of
generality, we may assume a € P,. Let P; denote the path from a to x5 on
C and passes through x;. Then P; + axs is a cycle which does pass through
neither H; nor Hy. From Lemma 5.2.2 we know that P; + ax, contains at
least two removable edges, and so P; contains at least one removable edges.

Therefore, theorem holds.

The following example shows that in this case the lower bound is sharp.
See figure 5.6.

Example 5.2.6. Let L be a graph such that V(L) = {a1,y1, Y2, Y3, ya}, E(L) =
{a1y1, a1y2, a1y3, a1y, Y1yo, Y2Ys, Ysya, Yay1, y1ys}, let H and H' be two bi-fans
defined as in Definition 1.2.2 with V(H) = {a, b; z1, xa, - - -, 132, T1y3}, V(H') =

{d' b2, xh, -+ x5, 7y, 3}. Now we construct the graph G as follows:

First: We delete the vertices @1, 143,27, 2}, 5 from H and H' respectively.
Second: Identify the vertex a with o', and join the vertices a and y;, a and
Yo, T2 and O, b and x5, w49 and zj,,, b and ys, b and y4, respectively. It

can be easily checked that G is a 4-connected graph, and (b}, {a, V', z},,}),
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(b/‘r% {CL, b7 xH—Q})a (37[.5_21'24_2, {a> ba xQ})? (a1y47 {(I, Y1, 93})7 (a1y27 {yh Ys, b})? (a’y17
{y2,y3,ya}), (ay2, {y1. ys, ya}) are separating pairs of G. Let C' = ay1ysb'waws - - -
Ti4oTy 9Ty - - - THbYsayaa, it can be easily checked that C'is a Hamilton cycle

with only one removable edge y;y3. See figure 5.5.
X

\\ga % »
&

Removable edges

Unremovable edge

Figure 5.6:

This completes the proof.[]



Chapter 6

The Number of Removable
Edges in 4-Connected Graphs

In this chapter we prove that every 4-connected graph of order at least six
(excluding the 2-cyclic graph of order six) has at least (4|G|+16)/7 removable
edges. We also give a structural characterization of 4-connected graphs for

which the lower bound is sharp.

6.1 Some Subgraphs and their Properties

For convenience, some special notations are introduced.

By Ly we denote the maximal 1-belt such that V(L) = {1, x2, 3,91, Y2, Y3 }

and E(Ly) = {z122, 22%3, Y1Ya, Y23, Y1 T2, ToYa, YaTs}. We say that zoxs, y192
are inner edges of L;.

By L we denote the maximal 2-belt such that V(Ly) = {x1, s, 3, T4, Y1, Yo,

Y3, Ya} and E(Ly) = {2172, 1273, T3T4, Y192, Y2U3, Y3Ya; Y172, TaYa, YaT'3, T3Y3, Y34 }-
We say that xows, 314, Y192, Yoy3 are inner edges of Lo.

By L} we denote the maximal 1-co-belt such that V(L) = {z1, z2, x3, 4,1,

Y2,ys} and E(L}) = {2122, 2ox3, 3Ty, Y192, Y2U3, Y122, T2Y2, YoT3, T3y} We
say that xoxs, Y192, y2ys are inner edges of L.

82
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By LY, we denote the maximal 2-co-belt such that V(L)) = {x1, 2, x3, T4, x5,
y Lo 2

Y1, yg,yg,y4} and E(L,Q) = {$1$2>$2$3, T3T4, Tals, Y1Y2, Y2Y3, Y3Ya, Yy1T2, T2Y2,
Y23, T3Y3, Y34, 5E4?J4}~ We say that woxs, T34, Y12, Y2Us, Ysya are inner edges
of L.

By F' we denote the maximal 1-bi-fan such that V(F) = {a, b, x1, x2, 23, 24}
and E(F) = {122, Tox3, T34, AT, axs, bxy, brs}. We say that zoz3 is an inner
edge of F.

By W we denote the W-framework such that V(W) = {1, x2, 3, Y1, y2, U3,

ys} and E(W) = {x122, 23, Y1Y2, Y23, YsYa, T1Y2, T2l2, T2ys, T3ys}. We say
that x12o, rox3 are inner edges of W.

By W’ we denote the W’-framework such that V(W) = {xy, z2, 3, y1, Y2, y3,

y4} and E(W/) = {ZL‘1$2,1’2I3,$1$3yy1y27?/2y3,y3y4,$1y27132y27$2y3,$3y3}‘ We
say that xqxq, x9x3, T2y are inner edges of W”'.

By H we denote the helm such that V/(H) = {a, x1, x2, 3, x4, v1, V2, U3, 04 }
and E(H> = {a'rly AT2,AT3, AT4, T1T2, T2T3, L3T4, L4L1, L1V, T2V2, T3V3, :L’4?J4}.

We say that the edges ax; for i = 1,2, 3,4 are inner edges of H.

Let T denote the set of special graphs defined above, so T = {Ly, Lo, L}, L},
F, W, W’ H}. Then we first prove the following useful observation on the mem-
bers of set of T.

Lemma 6.1.1. There is no common inner edge between any two different

subgraphs of G in Y.

Proof. By contradiction. Suppose that there are two different subgraphs
K and K’ of G in T that have a common inner edge. Then we discuss the

following cases.

(1.) K is a maximal 1-belt L;. Then xox3 and y;ys are the inner edges of K.



84 CHAPTER 6. THE NUMBER OF REMOVABLE EDGES

Without loss of generality, we may assume that x,x3 is also an inner edge of

K’. We discuss the following subcases for K’.

(1.1.) K’ is a maximal 1-belt. Let V(K') = {uy,uq,us,v1,v2,v3} and
E(K') = {ujug, ugug, v1v9, vovs3, Vg, U9, Vous }, and let the inner edges of
K’ be ugus,v1ve. If xow3 = uous, then we have either xo = uo,x3 = us or
To = U3, T3 = Ug. If o = Ug, 23 = uz, then K = Ly = K'. If 29 = us3, x5 = uo,
then we have either d(z3) = 4 and z3ys € E(G) or we have d(y;) = 4 and
1Y) € E(G). However, this contradicts that K is a maximal 1-belt.

(1.2.) Similar arguments show that K’ is not a maximal 1-co-belt, a maximal

2-belt or a maximal 2-co-belt.

(1.3.) K’ is a maximal 1-bi-fan. Then we have that either z3y; € E(G)
or r1x3 € E(G). If zyz3 € E(G), then from the definition of the maximal
1-bi-fan, we have that x;x9 € Eg(G), which contradicts the definition of the
maximal 1-belt K. If x5y, € E(G), since y1y2 € En(G), we consider the cor-
responding separating group (y1ys2,S; A, B) such that y; € A,ys € B. Since
Y1Y2TaY1, Y1y223y1 are 3-cycles of G, we have that zox3 € E([S]). By Theorem
2.1.4 we have that zox3 € Fr(G), which contradicts the definition of the max-
imal 1-belt K. Therefore, any inner edge of a maximal 1-belt can not be an

inner edge of any maximal 1-bi-fan, and vice versa.

(1.4.) K'is a W-framework or a W’-framework. Then we have that y,y, €
Er(G), which contradicts the definition of the maximal 1-belt K. Hence, any
inner edge of a maximal 1-belt can not be an inner edge of any W-framework

or W'-framework, and vice versa.

(1.5.) K'is a helm. Then either x5 or x3 is incident with four unremovable
edges in G. Obviously, this is impossible since zox3 is an inner edge of the
maximal 1-belt K. Therefore, any inner edge of a maximal 1-belt can not be

an inner edge of any helm, and vice versa.
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(2.) K is a maximal 2-belt Ly. Without loss of generality, we may assume
that zox3 is a common inner edge of K and K’. We distinguish the following

subcases for K’.

(2.1.) K'is also a maximal 2-belt. Let V(K') = {uy, ug, us, ug, v1, 2, v3, 04}
and E(K') = {ujug, ugug, uguy, U102, Va¥s, U3y, VU, UgVs, Ualiz, U3V3, V3ly }, and
let uous, uzty, V1v9, Vo3 be the inner edges of K. If xox3 = usus, then one of
the following holds: (i) K = Ly = K’; (ii) d(y1) = 4 and z1y; € F(G), which
contradicts that K is a maximal 2-belt. If zox3 = vivs, it is easy to see that
wv; € E(G) and d(vy) = 4, which contradicts that K’ is a maximal 2-belt.
By symmetry, for the other cases, we may apply similar arguments to show

that the conclusion holds.

(2.2.) Since a maximal 1-co-belt is a subgraph of a maximal 2-belt, it is easy
to see that xoxs or y1y- is not an inner edge of a maximal 1-co-belt. Otherwise,
it contradicts the definition of the maximal 1-co-belt. Similarly, a maximal 2-

belt and a maximal 2-co-belt do not have any common inner edge.

(2.3.) Obviously, it is impossible that an inner edge of a maximal 2-belt
is an inner edge of the following subgraphs: maximal 1-bi-fan, W-framework,

W' -framework or helm. And vice versa.

(3.) K is a maximal 2-co-belt. It is easy to see that an argument similar to

that used in (2.) can be applied to deduce contradictions.

(4.) K is a maximal 1-bi-fan. If K’ is also a maximal 1-bi-fan F’ it is
easy to see that this is true only if ' = F” holds. Obviously, it is impossible
that the inner edge zox3 of H is an inner edge of the following subgraphs:

W-framework, W’ -framework or helm.

(5.) K is a W-framework, or a W’-framework, or a helm. Obviously, no
matter whatever K’ is, we always can deduce contradictions. The details are
omitted. [J
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6.2 Some Preliminary Results

In order to obtain a sharp lower bound on the number of removable edges in

a 4-connected graph, we first prove the following preliminary results.

Theorem 6.2.1. Let G be a 4-connected graph and F' a mazximal l-bi-fan of
G with | > 2. Then there exists an edge € in F such that € € Er(G) and
€R(G) > GR(G © 6/) + 1.

Proof. Let F' be defined as in Definition 1.2.2. First, we claim that d(a) >
5,d(b) > 5. Otherwise, we may assume that d(a) = 4 and let I'g(a) =
{9, x3,24,v}. We claim that v # b. Otherwise, {xq, 24, b} is a 3-vertex-cut of
G, a contradiction. Let A = {a,z3},S = {xg, 24,0}, = bxg, B=G—e—A-S.
Then (bxs, S; A, B) is a separating group of G, and therefore bzy € En(G),
which contradicts that F' is an [-bi-fan.

Let ¢/ = ax3, H = G © €. Next we show that for any edge e # xoxy in H,
if e € Eg(H), then e € Eg(G).

By contradiction. Assume that there exists an edge e € FEr(H), but
e € Ex(G). Let e = zy. Since zy € En(G), by Theorem 2.1.1 we can consider
the corresponding separating group (e,7; C, D) such that = € C,y € D. We

distinguish the following cases to prove the conclusion.

Case 1. a,z3€T.

Since d(z3) = 4 and axz € E(G), we have that |I'g(z3) N C| = 1 or
ITg(zs) N D] = 1. Without loss of generality, we may assume that |I'g(z3) N
Cl=1. Let Tg(z3) N C ={n },T ={a,x3,w}. If |C| >3, let T" = {a, v, w},
C'"=C—{vny}and D' = H —ay —T — C'. We claim that v; # z. Oth-
erwise, we have that {a,w,v;} is a 3-vertex-cut of GG, which contradicts that

G is 4-connected. It is easy to see that (e,T";C’, D') is a separating group of
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H, and therefore e € Enx(H), a contradiction. If |C| = 2, then v,z € E(QG).
Since d(b) > 5 and v; # b, we have vy € {2, z4}. If v; = x9, then z = ;.
Since I'(x9) = {b, x1,x3,a}, we have that w = b and I'g(z1) = {a,b,z2,y}.
Obviously, {azxi,br1} C Egr(G) and x1y € En(G), which contradicts the
definition of a maximal [-bi-fan of G. If v; = x4, then w = b, and there-
fore Tg(x) = {a,b,24,y}, and so x = z5. Let C" = {xy4,x},e = xy, T' =
{a,b,29},D' = H —e —C"—T". Then (e,7";C", D') is a separating group of
H, and so e € Enx(H), which contradicts that e € Er(H).

Case 2. ac T, z3€C.

So, I'g(xz3) = {a, b, xy, x4}. If |C| > 3, then it is easy to see that (e, T;C —
{z3}, D) is a separating group of H, and hence e € Ey(H), which contra-
dicts that e € Er(H). Therefore, |C| = 2, and so € T'g(z3). If x = b,
then T' = {a,xq,24}, Tq(b) = {a,x2,23,24,y},Tc(xe) N D = {x1}. Since
rixy € E(G) and z1 # y, we have that |D| > 3. Let 7" = {a, 1,24}, D' =
D—{x1},C" = H—xy—T'—D'. Then (xy,T’; C", D') is a separating group of H,
and so e € Enx(H), a contradiction. If z = x9, then y = 1. Obviously, if we let
e =xoxq,C" ={x9, 24}, T" ={a,b,x5}, D' = H—e—C"—T", then (e, T"; C', D’)
is a separating group of H, and so xsx; € En(H), a contradiction. If x = x4,
then y = x5. Let C' = {x9, 24}, 7" = {a,b,21}, D' = H — xyx5 — T — C".
Then (z425,T";C", D) is a separating group of H, and so zyz5 € Ex(H), a

contradiction.

Case 3. acC,z3€T.

If |C| = 2, then a = x, and so C' — {a} = {x2} or C — {a} = {z4}. If
C —{a} = {2}, then b € T. Since z3x4 € En(G), by Theorem 2.1.4 we have
x4 ¢ T. lf x4 € D—{y}, then axy ¢ F(G), a contradiction. If C'—{a} = {x4},
by similar arguments can leads to a contradiction, and therefore |C| > 3. Since
a € C, we have that x9,24 € C UT. Noticing that I'¢(z3) N D # O, we have
b€ D, and so xy, x4 € T. But then {xq, x4, 2} is a 3-vertex-cut of H, a con-

tradiction.



88 CHAPTER 6. THE NUMBER OF REMOVABLE EDGES

Case 4. a,z3 € C.
Obviously, |C| > 3, and similar arguments lead to a contradiction.

Based on the above arguments, we know that if e € Eg(H) and e # zoz4,
then e € Eg(G). Noticing that azs,brs € Er(G), but axs,brs ¢ E(H), we
prove that eg(G) > er(G &e) + 1.0

Theorem 6.2.2. Let G be a 4-connected graph and L a mazimal [-belt of
G with | > 3. Then there exists an edge € in E(G) such that egr(G) >
er(Goe)+ 2.

Proof. Let L be defined as in Definition 1.2.3. Consider ¢’ = z3y3 and let H =
G 6¢€'. We delete three removable edges y»x3, Y323, Y34 from G and add three
edges Yoy, ToZa, Yoys to get H. Let A" = {ya, 22}, 61 = yous, 8" = {21, 41, 24}
and B' = G —e; — S — A’". Then (e1,S5’; A', B') is a separating group of H,
and hence yoy, € En(H). By similar arguments we can show xexy € En(H).
It remains to show that for any e € E(H) and e # ysxy, if ¢ € Er(H), then
e € Er(G). We prove this by contradiction. Assume that there exists an edge
e € Er(H), but e € En(G). Let e = zy. By Theorem 2.1.1 we consider the
corresponding separating group (e, S; A, B) such that € A,y € B. Next we

distinguish the following cases to complete the proof.

Case 1. z3,y3 € S.

Let S = {x3,y3,w},w € G and U = {x9,24,92, ys}. Noticing that
La(xs) = {2, x4, y2,y3} and T'a(ys) = {x3, T4, Y2, ys}, we claim that |ANU| =
2 = |BNU|. Otherwise, we may assume that [ANU| = 1. Let ANU = {v},
then {z, vy, w} is a 3-vertex-cut of G, which contradicts that G is 4-connected.
If |A] = 3, since | > 3, obviously we have that |G| > 10, and so |B| > 4.
Let BNU = {v,v}. If we let S = {vy,v9,w}, By = B — {vy, 02}, A1 =
H — e — Sy — By, then (e, S1; A1, By) is a separating group of H, and so
e € Ex(H), a contradiction. If |[A| >4, let ANU = {uy,us2}, S1 = {ug, ug, w},
Ay =A—{uy,us}, By = H—e—S; — A;. Then (e, Sy; A1, By) is a separating
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group of H, and so e € Eyx(H), which contradicts the assumption.
Case 2. z3€ A,y3 € S.

Subcase 2.1. |A| =2.

Then x € Ig(xs). If x = xq, then S = {yo,y3, x4}. Since zoys, xoxy ¢
E(G), we have that d(x2) < 4, a contradiction. If x = x4, similar argu-
ments leads to d(z4) < 4, a contradiction. If z = ys. Then y = y;. Let
Ar = {y2,za}e = p1y2, S1 = {22, 25,94}, By = H —e — Ay — Sy, then
(e,S1; Ay, By) is a separating group of H, and so e € FEy(H), which con-

tradicts the assumption.

Subcase 2.2. |A| > 3.

Since x3 € A, it is easy to see that B N I'¢(ys) = {wa}. If |B] > 3,
let By = B— Ay}, 51 = {wupUS —{ys},A1 = H—e —S; — B;. Then
(e,S1; A1, By) is a separating group of H, and so e € Ex(H). If |B| = 2,
since I'¢(ys) = {vs, ys, T4, x5}, we have y € {xy, x5,y5}. If y = x4, then this
is true only if # = w3 holds, a contradiction. If y = x5, since yszs ¢ E(G),
we have d(z5) =4 and S = {ys,ys,x4}. Let A1 = A — {2}, 51 = {y2, 5, 24},
By = H—e—S1—A;. Then (e, Si; Ay, By) is a separating group of H, and hence
e € Ex(H). If y =ys, then S = {x4, x5,y3}. Note that ysys, x4y5 € E(G). So,
d(ys) < 4, a contradiction.

To sum up, from the above arguments we know that in Case 2 we always
have e € Ey(H).

Case 3. z3€ S,y3 € A.

By symmetry, arguments analogous to that used in Case 2 can lead to that
e c EN<H)

Case 4. w3,y3 € A.
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If |A| > 4. Obviously, e € Eyx(H), which contradicts the assumption. So,
|A| < 3. Obviously, z3 # x,ys # x. Therefore, we have that |A| = 3. Since A
is a connected subgraph of G, we may assume that z3z € E(G). If x = x4, then
xy = x4xs. Let S1 = {y1,ys, 22}, Ay = {y2, 24}, By = H — e — S; — Ay, then
(e,S1; A1, By) is a separating group of H, and so e € Ex(H). If © = ys, then
y =y Let e = yayr, Ay = {ya, 04}, 51 = {w2, 75,94}, B1 = H — e — 51 — Ay,
then (e, S1; A1, By) is a separating group of H, and so e € Ex(H). If 2 = x9,
then S = {ya, Y4, x4}. It is easy to see that d(z3) < 4, a contradiction.

Based on the above arguments, we have that Fr(H) C Egr(G) except
for the edge yoxy. Noticing that yoxs, r3ys, v4ys € Egr(G), we prove that
€R(G) Z GR(G © 6) +2. 0

A 4-connected graph G is said to have property (x) if there does not exist
any edge xy € Er(G) such that both d(z) > 5 and d(y) > 5.

Theorem 6.2.3. Let G be a 4-connected graph with property (x), |G| > 8,
and C" be a cycle of G. If C" does not contain any removable edges of G, then
G has one of the following structures as its subgraph: [-belt, I-bi-fan (I > 1),
W -framework, W'-framework or helm, such that it intersects C' at of its some

inner edge(s).

Proof. For every edge e = zy in C’, by Theorem 2.1.1 there exists a sepa-
rating group (e, S; A, B) of G, in which we always choose A and B such that
min{|A|, |B|} is as small as possible. Without loss of generality, we may as-
sume |A| < |B| such that y € A,z € B. Then we consider [ = yz € E(C"),z #
x, and its corresponding separating group (f,T;C, D) such that y € C,z € D
in G. Let

Xi=(SnC)Uu(SNTYU(ANT)

Xo=(ANT)U(SNT)U(SND)

X3 = (SND)U(SNT)U(BNT)
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Xe=(BNnTHUuSNnT)u(SNO)

It is easy to see that the edge e = xy is the unique edge connecting A and B,
and the edge f = yz is the unique edge connecting C' and D. Sox € D,z ¢ B.

Since X is a vertex-cut of G —yx —yz and G is 4-connected, we have | X;| > 2.

Next we will distinguish the following cases to complete the proof.

Casel. e BnNnC,ze DNS.

By Theorem 2.1.2 we have |A| = 2. Since ANC # O and A is a connected
subgraph of G, we have AN D = @, and so |[ANT| < 1. If |[ANT| =0,
then [ANC| = 2. Since SN D # O, by noticing that |S| = 3, we get
|1 X4 = [(SNCYUu (SNT)| <2, and hence X; U {y} is a vertex-cut of G.
However, | X; U {y}| < 4, which contradicts that G is 4-connected. Therefore,
|ANT| =1,ANC = {y}. Since X, is a vertex-cut of G —zy, we have | X4| > 3,
and hence |[SNC| > |ANT|=1,|BNT| >|SND|>1. SoSNT =0 or
|ISNT| = 1. We claim that SNT = . Otherwise, if [SNT| = 1, then | X;3| = 3,
and so BN D = . Since AND = @, it is easy to see that D = DN S = {z},
which contradicts |D| > 2, and thus SNT = @. Noticing that |T'| = 3, we have
|IBNT| = 2. If |[SNC| = 2, then |SND| = 1. By similar arguments we get that
D = {z}, which contradicts | D| > 2. Therefore, |CNS| = 1, and so | DNS| = 2.

Let ANT = {a},SNC = {b},SND = {z,c}. It is easy to see that
La(y) = {x, z,a,b}, T'g(a) = {y, 2,0, c}. Next we show that ay, az,by € Er(G)

by contradiction.

(1.) Assume that ay € En(G) and we consider a separating group (ay,U; A',
B') such that a € A')y € B’. Since ayza, abya are 3-cycles of G, we have
that z,b € U. Since yz € En(G), by Theorem 2.1.2 we get |B'| = 2. Let
B’ = {v1,y}, then byvb is a 3-cycle of G and vy # a. It is easy to see that
this is true only if v; = x holds. However, zz ¢ E(G), and so d(z) < 4, a
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contradiction.

(2.) Assume that az € En(G) and we consider its separating group (az, U; A’,
B') such that a € A",z € B’ in G. Since ayza is a 3-cycle of G, we have
y € U. Since yz € En(G), from Theorem 2.1.2 we have that |B’| = 2. Let
B’ = {z,v1}, then yzvyy is a 3-cycle of G and v; # a, which is impossible.
Therefore, az € Er(G).

(3.) Assume that by € En(G). First, let A’ = CN(BUS), S = {y}Uu(BNT),
B =G —ab— A — 5 then (ab,S’; A, B') is a separating group of G, and
hence ab € En(G). Since by € En(G), we consider its separating group
(by,U; A', B") such that b € A’,y € B’. Since abya is a 3-cycle of G, we have
that a € S’. Since ab € Ex(G), by Theorem 2.1.2 we have that |A'| = 2. Let
A" = {b,v;}. Then abvya is a 3-cycle of G and v; # y, which is impossible in
G, and therefore, we have by € Fr(G).

Let A" ={a,y},S" ={b,z,2}, BB =G —ac— 5" — A’". Then (ac,S"; A', B')
is a separating group of G, and so ac € Eyn(G). It is easy to see that
(ab, BNT U{y}) is a separating pair of G, so ab € En(G).

Obviously, yz is an inner edge of an [-belt or I-co-belt with [ > 1, and so

the conclusion holds.

Case 2. zeSND,ze BNT.

By Theorem 2.1.2 we have |A| = |C| = 2. Since A and C are two con-
nected subgraphs of G, we have AN D = @ = BN C. First, we claim that
|ANC| = 1. Otherwise, |[ANC| =2, andso ANT =0 = SNC. Since
BNT # 0 # SN D, we have | X;| = |SNT| <2, and so X; U{y} is a vertex-
cut of G. However, | X; U {y}| < 4, which contradicts that G is 4-connected.
Therefore, |[ANT| = 1,[SNC| = 1. Second, we claim that SNT = @. Other-
wise, |SNT| = 1. Then | X;3| = 3, and so BND = . Hence, D = DNS = {z},
which contradicts |D| > 2. Therefore, we have |[BNT| = |SND| = 2.
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Let ANT =H{a},SNC = {b},DNS = {z,v},BNT = {z,u}. Then
La(y) =A{x, z,a,b},Tg(a) = {z, z,b,v}, T (b) = {z,y,a,u}.

Next we show az € FEr(G). By contradiction, assume that az € En(G)
and we consider the corresponding separating group (az,U; A’, B") such that
a€ A,z € B'. Since azya is a 3-cycle of G, we have y € U. Since yz € En(G),
by Theorem 2.1.2 we have |B’| = 2. Let B’ = {z,v;}. Then yzv,y is a 3-cycle
of G and vy # a, and so this is true if only if v; = 2 holds. Since bx € E(G),
we have b € U. Then (U — {y}) U {a} is a 3-vertex-cut of G, a contradiction.
Therefore, az € Er(G) holds. By symmetry, we obtain bz € Egr(G). Let
A =A{a,y}, 8" ={x,2,b},B =G —av— 85" — A'. Then (av,S"; A", B’) is a
separating group of G, and so av € En(G). By similar arguments we can lead
to bu € En(G).

Now we discuss the following subcases.

Subcase 2.1. zz ¢ E(G).

First we show that ay,by € Egr(G). By contradiction, we assume that
ay € En(G) and consider its separating group (ay,U; A’, B') such that a €
A’y € B'. Since ayza is a 3-cycle of G, we have z € U. Since yz € Ex(G), by
Theorem 2.1.2 we have |B’| = 2. Let B’ = {y, v, }, then yzv,y is a 3-cycle of G.
Obviously, v; # a. Note that xz ¢ E(G), and so v; # x, which is impossible
in G. Therefore, we have ay € Er(G). By symmetry, we have by € Er(G).
It is easy to see that if ab € En(G), then G contains an [-belt or an [-co-belt
with [ > 1 such that yz is its an inner edge. If ab € Fr(G), then G contains
a W-framework such that yz is its an inner edge. Therefore, the conclusion
holds.

Subcase 2.2. zz € E(G).

Since zy,yz € Enx(G), by Corollary 2.1.3 we have xz € Eg(G). Since G
has property (x), we have either d(z) =4 or d(z) = 4.
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Subcase 2.2.1. d(z) =4,d(z) > 5.

Let T'¢(z) = {y,z,b,w}. Since |G| > 8, we have BN D # O, and so
we BND. Let A = {x,y}, U = {w,2,b},B =G —ay — U — A’. Then
(ay,U; A', B') is a separating group of G, and so ay € En(G). We claim
that ab € Er(G). Otherwise, ab € Ex(G). Then we consider a separating
group (ay,Ty;Cy, D) of G such that a € Cy,y € D,. Obviously, z,b € T7.
Since ab,yz € En(G), by Theorem 2.1.2 we have |Cy| = |D;| = 2, which
contradicts |G| > 8, and so ab € Er(G). We claim that by € Er(G). Oth-
erwise, by € En(G), we consider its separating group (by,T};Cq, D) such
that b € C1,y € Dy. Since byzb is a 3-cycle of G, we have x € T;. Since
zry € Ex(G), by Theorem 2.1.2 we have |Dy| = 2. Let Dy = {y,v,}, then
yrvyy is a 3-cycle of (G, and hence this is true only if v; = z holds. However,
d(vy) = 4, which contradicts d(z) > 5. Therefore, by € Er(G). Obviously,
we have that xy,yz are inner edges of a W/-framework in GG. The conclusion

holds.

Subcase 2.2.2. d(z) > 5,d(z) = 4.

By symmetry, by arguments similar to that used in Subcase 2.2.1 we can

get that the conclusion holds.

Subcase 2.2.3. d(x) =d(z) = 4.

Let T'g(x) = {y, z,b,w}. Let A" = {z,y}, U = {w,2,b},B' = G — ay —
U — A’, then (ay,U; A’, B') is a separating group of G, and so ay € En(G).
By symmetry, we have by € En(G). Since zy,yz € En(G), from Corollary
2.1.3 we have that ab, bx,zz, za € Er(G). Obviously, G contains a helm as a

subgraph such that zy, yz are its inner edges. Therefore, the conclusion holds.

Case 3. ze AnND,xre BNT.

By Theorem 2.1.2 we have |C| = 2. Since |A| < |C|, we have |A| = 2, and
hence A = {y,z}, ANT = @. Since AN D # O, we have | X5| > 3. Noticing
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that |S| = 3, we have [ANT| > |SNC|, and so [SNC| = 0. Since C' is a
connected subgraph of G and |C| = 2. Since A = {y, 2z}, we have ANC = {y}.

Therefore, C NS # @, a contradiction. So, Case 3 does not occur.

Case 4. ze AND,xe BNC.

So, AND # @ # BNC, and therefore |Xy| > 3,|X,| > 3. Since
| Xs| + | X4] = |S] + |T| = 6, we have | X5| = |X4| = 3, and so [ANT| =
|ISNC|,|BNT| = |SND| First, we claim that AN D = {z}. Otherwise,
|JAND| > 2 Let U = Xy,A = ANnD,B =G —vyz—U — A'. Then
(yz,U'; A, B') is a separating group of G, and yz € E(C"), |A'| < |A|, which
contradicts that |A| is as small as possible. Therefore, AN D = {z}. Since D
is a connected subgraph of G and |D| > 2, we have DN S # O # BN T, and
so |[SNT| <2 If |[SNT| =1, we claim that SNC # @ # ANT. Otherwise,
|X1| = 1. Obviously, |[ANC| > 2, and so {y} U (SNT) is a 2-vertex-cut of
G, a contradiction. Therefore, |[SNC|=|ANT|=1,|DNS|=|BNT| =1,
and hence |X3| = 3. Then we have that BN D = ) and |D| = 2. However,
|A| > 3. Then |D| < |A|, which contradicts that |A| is as small as possible.
Therefore, |[SNT|=0or |SNT| = 2.

Next we show that |S NT| # 0. Assume that [SNT| = 0. Then we have
|IBNT|=|SND|=2and |ANT|=|SNC|=1. We claim that ANC = {y}.
Otherwise, |ANC| > 2. Then X;U{y} is a 3-vertex-cut of G, which contradicts
that G is 4-connected, and so d(y) = 4. Let ANT = {a},SNC = {b},SND =
{u,v}. First, let A" = {a,z},5 ={y}u(SND),B'=G—ab—S"—A". Then
(ab,S'; A’, B) is a separating group of G, and so ab € En(G). Second, we claim
that az € Eg(G). Otherwise, az € En(G), we consider the separating group
(az,S'; A, B') such that a € A’, z € B’. Obviously, y € S’. Since yz € Ex(G),
by Theorem 2.1.2 we have |B’| = 2, say B’ = {z,v1}. Then zv,yz is a 3-cycle of
G and vy # a, which is impossible to hold, so az € Ex(G). Since C’ is a cycle
of G, we have {zu, zv} N En(G) # . By Lemma 5.1.2 we have that au, av can
not belong to E(G) simultaneously. Without loss of generality, we may assume
that au ¢ E(G). Let 8" = (S —{u})U{z}, A’ = A—{z}, B' = BU{u}. Then
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(xy,S’; A', B') is a separating group of G, and |A’| < |A|, which contradicts
that |A| is as small as possible. Therefore, SNT # @, and so |SNT| = 2.
Then, we have that |[SND| = |BNT|=1,|[ANT|=|SNC|=0,ANC = {y}.

Let SNT = {a,b}, SND = {u}. It is easy to see that I'¢(y) = {x,a,b, 2z}, ['g(2)
={y,a,b,u}.

First, we show that the conclusion of the theorem holds if az € Ex(G). By
Theorem 2.1.1 we consider its corresponding separating group (az, S1; A1, By)
such that a € By, z € A;. Since ayza is a 3-cycle of G, we have y € S7, and so
y € S1NC, a € BiNT. By Theorem 2.1.2 we have |A;| = |D| = 2. If |[A;ND| =
2, since S1NC # O, we have |S;NT| < 2, and so {z}U(S1NT) is a vertex-cut
with cardinality less than 4, a contradiction. Therefore, |A; N D| = 1. Since
be T and bz € E(G), we have b € Ay NT. Since D is a connected subgraph
of G and |D| = 2, it is easy to see that |[D N .S;| = 1. Since zu € E(G), we
have DNS; = {u}. We claim that S;NT = @. Otherwise, |S1NT| = 1. Then
|S1NC| =|ByNT|=1. Obviously, |(S1NC)U (S NT)U(B;NT)| = 3. Since
G is 4-connected, we have By N C' = . Therefore, |C| = |C'NS;| = 1, which
contradicts |C| > 2. Hence, S;NT = @, and therefore, |S1NC| = |B1NT| = 2.

Here we distinguish the following cases:

(1.) d(y) = 4,d(a) > 5. Arguments similar to that used in Subcase 2.2.1
can lead to that G contains a W/-framework such that yz is its an inner edge.

Then the conclusion holds.

(2.) d(y) = d(a) = 4. Arguments similar to that used in Subcase 2.2.3 can
lead to that G contains a helm such that yz is its an inner edge. The conclu-

sion holds.

If bz € En(G), by the symmetry of az and bz, similar arguments can be

used to get the conclusion. Therefore, we may assume that az, bz € Er(G).

Next we consider ay. Assume ay € En(G). By Theorem 2.1.1 we consider
its separating group (ay, S1; Ay, By) such that a € Ay, y € By. It is easy to see
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that z € S;ND,y € BiNC and a € A;NT. Since ay,yz € Ex(G), by Theorem
2.1.2 we have |C| =2 = |By|, and so C = {y,z}. By arguments analogous to
that used in Case 2, we can get that |[ByNT| =S, NC|=1,BNC = {y},
|A1NT| =|DNS;| =2. Then S;NC = {x}. Since byzb is a 3-cycle of G, it is
easy to see that B;NT = {b} and d(z) = d(b) = d(z) = 4. Here we distinguish

the following cases:

(1.) d(a) > 5. Argument analogous to that used in Subcase 2.2.1 can lead
to that G contains a W'-framework such that xzy, yz are its inner edges. Then

the conclusion holds.

(2.) d(a) = 4. Argument analogous to that used in Subcase 2.2.3 can lead
to that G contains a helm such that xy, yz are its inner edges. Then theorem
holds.

Thus, we may assume that ay, by € Er(G). Then, according to the defini-
tion of the I-bi-fan, (I > 1), G contains a [-bi-fan such that yz is its an inner
edge. This complete the proof. [J

Lemma 6.2.1. Let G be a 4-connected graph with property (x), and let
P = y1ys---yr be a path of [Ex(G)] with k > 3 and take a set D such that
O # D C V(G). Suppose that (y1y2,U'; X', Y') is a separating group of G
such that yy € Y' ys € X' and DNY' # . We choose i € {1,2,---,k} and a
separating group (yiyir1,S; A, B) satisfying y; € B,y;s1 € A, DN B # O such
that |A| is as small as possible. If i < k — 2, we consider another separating
group (Yiv1Yire,S'; A’ B') such that y;1 € B yir0 € A', Then one of the fol-
lowing conclusions holds:

(l) A N B/ = {yi+1},A N A/ = {yi+2},A N S, == {(l}, B/ N S == {b},S N
S" =0,y € BNB,|BNS| =]ANS| =2, AAnS = {u,v}, where
Yiral, YiraV, Yiyea € ER(G) and a,b,u,v € G.

(ii) ANA = {yiJrQ},yiJrl € AﬁB,,SﬂS/:@:A/ﬂB7 BnNnS = {d} =
DNB,DNB =0,ANS={c}, |1BNS|=|ANS"| =2y, € BN B', where
d,ce@.

(iii) ANA = {yi-i—?}; Yi+1 e AN B/,Sﬂ S/ = {’IU}, DNB = {d} ==
BnS' ' DNB' =0 =BnAANS={c}, |BnS|=|AnS"|=1,y;, € BNB,
where d,c,w € G.
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(iv) G contains one of the following structures: l-belt, (I > 1), helm, W -
framework, W'-framework, 1-bi-fan, (I > 1), as its subgraph, such that it in-

tersects P at its some inner edge(s).

Proof. Let

Xi=AnSHuSnsHu(B'NnS)

Xo=(ANnSHU(SNSHYU(ANS)

Xz3=(ANS)Uu(SNnS)u(BnS

Xy=(B'nSHu(Snsyu(BNS)
We will distinguish the following cases to complete the proof.

Case 1. y, €« BN B,y € ANA.

Since BN B’ # O, X4 is a vertex-cut of G — y;1;11. Since G is 4-connected,
we have | Xy| > 3. By similar arguments we can deduce that | Xs| > 3. Since
| Xo| 4+ | X4| = |S] +]5’| = 6, we have | X3| = | X4/, and so |[ANS'| =|B'NS]|,
|A'NS|=|BNY|.

First, we claim that A’N(BUS) # . Otherwise, A’'N(BUS) = . Since
|A"'N S| =0, we have "N B = ). Since B is a connected subgraph of G, we
have B = BN B'. Therefore, we have © # DNB=DN(BNB')C DNB.
For the separating group (y;11yir2,S"; A', B') of G, we have y;41 € B y;40 €
A DNB # @, and A" C A, |A'| <|A|, which contradicts that |A| is as small
as possible, and so A’ N (B US) # @. Since A’ is a connected subgraph of G
and ANA"#£0#AN(BUS), wehave ANS #O#BNS'. If |A/NS| =3,
then | X;| = 0, and so {y;, yi+2} would be a 2-vertex-cut of G, a contradiction.
Therefore, |A’'NS|=2o0r |[A'NS|=1.
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Next we distinguish the following subcases.

Subcase 1.1. [A'NS|=|5"NB|=2.

Let AN S = {u,v}. Since G is 4-connected and X; is a vertex-cut of
G — Yi¥i+1 — Yi+1Yir2, we have that |X;| > 2. Noticing that |S| = |9| = 3,
it is easy to see that [AN S| = |BNS| =1,[SNS| =0. Let AnS =
{a},BP NS = {b}. First, we claim that AN B" = {y;11}. Otherwise,
|JAN B'| > 2, and so X; U {y;+1} would be a 3-vertex-cut of G, a contra-
diction. Second, we claim that AN A" = {y;12}. Otherwise, |[AN A’| > 2. Let
A1 = ANA, S = Xo,B1 = G — yi1Yiso — S1 — Ap. It is easy to see that
DN By # . Then (yir1Yir2, S1; A1, By) is a separating group of G such that
Yir1 € B1,Yir2 € Ay and D N By # . However, |A;| < |A|, which contradicts
that | A| is as small as possible. Therefore, ANA’" = {y;42}. Obviously, (ab, S)
is a separating pair of G such that S; = {y;11,u,v}, and so ab € Ex(G). We
claim that y;iou, y;10v € FEr(G). Otherwise, {yiiou,yi0v} N En(G) # O.
From Lemma 5.1.2 we have that au,av can not belong to F(G) simulta-
neously. Without loss of generality, we may assume that au ¢ FE(G). Let
A1 = A —{yira}, S1 = {Yir2} U (S — {u}), Br = G — yiyiy1 — S1 — Ay, then
(Yiyiv1, S1; A1, By) is a separating group of G such that D N By # . How-
ever, |A;| < |A], which contradicts that |A] is as small as possible. There-
fore, yiiou,yiov € FEr(G). We claim that ay,,o € Egr(G). Otherwise,
ayi+2 € En(G), and we take its separating group (ay;i2,7";C’, D) such that
a € C' Yy, 0 € D'. Since ay; 1yi120a is a 3-cycle of G, we have that y;.; € T".
Since y;11Yire € En(G), from Theorem 2.1.2 we have that |D'| = 2. Let
D" = {yit2,v1}, then v1y;11y;10v1 is a 3-cycle of G and vy # a. Obviously, it
is impossible to hold in G, and hence, ay,; 12 € Er(G). Then the conclusion (i)
holds.

Subcase 1.2. [A'NS|=|BNS'| =1

Let A'NS = {c}, BNS’ = {d}. Then we will discuss the following subcases.

Subcase 1.2.1. |[SNS'|=0,|B'NS|=|ANS| =2
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It is easy to see that | X3| = 2. Since G is 4-connected, we have A/A/NB =
and |X3| = 3. We claim AN A = {y;12}. Otherwise, |A N A'| > 2. Let
Ay =ANA S| = Xo, By = G—yi11Yire — S1— Ay. Then (yi1Yire, S1; A1, B1)
is a separating group. Obviously, D N By # @ and |A;| < |A|, which con-
tradicts that |A| is as small as possible. Therefore, AN A" = {y;12}, and so
A" = {yiqo,c}, |A| = 2 < |A]. By the minimum property of |A|, we have
B'ND = . Therefore, BN D = BNYS = {d} and |BN D| = 1. Then

conclusion (ii) holds.

Subcase 1.2.2. |SNY|=1,|B'nS|=]AnS|=1.

Let AnS ={c}, SN = {w},BNS" = {d}. Since |X;3| = 3 < 4,
we have BN A" = . Arguments similar to that used in Subcase 1.2.1 can
lead to that AN A" = {y;a},yis1 € AN B'. Since |A’| = 2 < |A], by argu-
ments similar to that used in Subcase 1.2.1, we have that B"N'D = @, and so
DN B=BNS ={d}. Then conclusion (iii) holds.

Subcase 1.2.3. |SNS'|=2,|BNS|=]AnS'| =0,

Let SNS" = {a,b}. We claim that AN B’ = {y,41}. Otherwise, |ANB'| >
2. Then {yi11,a,b} is a 3-vertex-cut of GG, which contradicts that G is 4-
connected. It is easy to see that |X5| = 3. Arguments similar to that used
in Subcase 1.2.1 can lead to that AN A" = {y;12}. By Corollary 2.1.3 we
have that {ay;i1,ayi2} N Er(G) # O, {byit1,byira} N Er(G) # O. Next we

distinguish the following cases.

(1.) ayire € En(G). Then A'NB = O and we consider the corresponding sep-
arating group (ay;ie,S1; A1, B1) such that y;10 € Ay, a € By. Since ay; 1Y 120
is a 3-cycle of GG, we have y;,1 € S1, and so y;41 € S; N B'. Since a € 5, we
have a € S’ N By. Obviously, d(yi+1) = d(y;4+2) = 4. By arguments analogous
to that used in Subcase 2.2 of Theorem 6.2.3, we can get that vy, 1y;10 is an
inner edge of a W'-framework or a helm, and so conclusion (iv) holds. For

by € En(G), we may apply similar arguments to get conclusion (iv) holds.
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Hence, we may assume that ay;,o, by, 1o € Fr(G).

(2.) ayit1 € En(G). We consider the corresponding separating group (ay; 41, St;
Ay, By) such that y;.1 € Aj,a € By. Then y;.1 € AyNB',a € By NS’ Since
ayi1Yiroa is a 3-cycle of G, we have y;,o € Si, and so y; 12 € A’ N S;. Since
ayi+2 € E(G) and d(y;+2) = 4, by arguments analogous to that used in Sub-
case 2.2 of Theorem 6.2.3 we can get that y;, 1y, 2 is an inner edge of a W'-
framework or a helm. Therefore, conclusion (iv) holds. For by;11 € En(G),

we may apply similar arguments to get conclusion (iv) holds.

Based on the above arguments, we may assume that ay; .1, by;+1, ayir2, by;ro
€ Er(G), and so G contains a [-bi-fan such that y;;1y;,2 is its an inner edge.

Therefore, conclusion (iv) holds.

Case 2. y;. 0 € ANA,y; € BNS".

Since y;y;11 € En(G), by Theorem 2.1.2 we have that |B’'| = 2. Since B’
is a connected subgraph of GG, we have BN B’ = (). Because G is 4-connected
and X7 is a vertex-cut of G — y;¥i+1 — Yit1Yir2, we have | Xq| > 2. Similar ar-
guments can lead to that | Xs| > 3. We claim that AN B’ = {y;41}. If not, i.e.,
|JANB'| =2,by BNS' # O and |S’| = 3 we have |X;| < 2, and so X; U{y; 41}
is a vertex-cut of G with cardinality less than 4, which contradicts that G is
4-connected. Therefore, |[ANB'| = |B'NS| = 1. If |IBNS'| =1, then | X3| =3,
and so A’‘NB = . Then we have |B| = |BNS’| = 1, which contradicts |B| > 2.
Hence |[BNS'| > 2. If |[BNS’| = 3, then we have ANS' =0 = 5SNY’, and so
| X1| = 1, which contradicts | X;| > 2. Therefore, |[BNS’| =2 and |[SNS’| < 1.
If [SNS'| =1, then ANS" = @ and |A'NS| = 1, and hence | X3| = 2, which con-
tradicts | X3| > 3. Then we can get that SNS" = @ and |[ANS'| = 1. By |S| =3
we know that |A'NS| = 2, |X3| = 3. We claim that ANA" = {y,42}. If not, i.e.,
|JAN Al > 2, then we let Ay = ANA" S, = X5, By =G — yi 12 — S1— Ay
Then (y;11Yir2,51; A1, By) is a separating group of G. It is easy to see that
By N D # (. However, now we have |A;| < |A], which contradicts that |A| is
as small as possible. Therefore, AN A" = {y;12}.
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Let ANS" = {a}, B'NS = {b}. Next we show that by;, by; 11, ayi+1 € Er(G)

by contradiction.

(1.) Ifby; € En(G). We consider its corresponding separating group (by;, T'; C,
K) of G such that b € C,y; € K. Since by;y;11b is a 3-cycle of G, we have
Yir1 € T. Since y;y;41 € En(G), by Theorem 2.1.2 we can get |K| = 2, say
K = {y;,v1}. Then vy;11y;v1 is a 3-cycle of G and vy # b, which is impossible
in G. Hence by; € ER(G).

(2.) If by;s1 € En(G). Similarly we consider its corresponding separating
group (by;+1,T;C, K) of G such that b € C,y;.1 € K. It is easy to see that
{a,y;} C T. Since y;y;+1 € Ex(G), by Theorem 2.1.2 we have |K| = 2, say
K = {yit1,v1}. Then vy € T'(y;) N Ta(yir1) N Tg(a), which is impossible in
G, and so by;+1 € Er(G).

(3.) If ayir1 € En(G). Again similarly we consider its corresponding sepa-
rating group (ay;41,1; C, K) such that a € C,y;11 € K. Since ay;11y;120 is a
3-cycle of G, we have y;,o € T. Since y;11y;ir2 € En(G), by Theorem 2.1.2 we
have |K| = 2. Let K = {y;11,v1}, then y; 1019 12vi11 is a 3-cycle of G, and
v1 # a, which is impossible in G, and so ay; 1 € Er(G).

Let Al = {CL, yi+2}> Sl =5N A U {yi—l—l} and B1 =G —ab— Sl - Al. Then
(ab, S1; A1, By) is a separating group of G, and so ab € En(G).

Noticing that d(b) = d(y;+1) = 4, from the definition of an I-belt we know
that G contains an [-belt with y;1;,1 as an inner edge. Therefore, conclusion
(iv) holds.

Case 3. y;, € BNS 4., ANS.

By Theorem 2.1.2 we have |A| = 2,|B'| = 2. Since A and B’ are con-
nected subgraphs of G, it follows AN A" = 0O = BNnB. If |[AnB/| = 2,
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then BNS =0 = ANS. Since BNS # @ # A'N S, noticing that
|S| = |S'| = 3, we have |SN S| < 2, and so {y;41} U (S NS is a vertex-
cut of G with cardinality less than 4, which contradicts the fact that G is
4-connected. Therefore, AN B = {y;11}, and so |[B'NS| =[ANnS| =1. If
|A'NS| =1, then AN B # . Then X3 is a vertex-cut of G, and so | X3| > 4.
Then, 1 = |A'N S| > |AN S| =1, a contradiction. Hence, |[A’'N S| = 2, and
so SNS' = 0,|BNYS'| =2. By arguments similar to those used in Case 2 of

Theorem 6.2.3, we know that conclusion (iv) of the lemma holds.

Case 4. y; € BN B,y € AANS.

Arguments analogous to that used in Case 1 of Theorem 6.2.3 can show
that G contains an [-belt with vy;119;12 as an inner edge. Therefore, conclusion

(iv) of the lemma holds. This complete the proof. [J

Theorem 6.2.4 Let G be a 4-connected graph with property (). Suppose
that H is a helm of G such that H 1is defined as in Definition 1.2.1. Let
V(H) = {a, 1,72, 73,74,V1,02,03,04} and P = y1ys---yp a path in [Ex(G)]
with h > 2 such that a ¢ V(P) and {y1,yn} C {x1, 22, x3,24}. Then, G con-
tains one of the following structures Hy as subgraph: l-belt, l-bi-fan, (I > 1),
W -framework, W' -framework or helm, such that at least one inner edge of Hy

belongs to E(P U H), and H and H; do not have any common inner edge.

Proof. Without loss of generality, we assume that y; = x;. Then it is easy
to see that yo = v;. Let kK = h+ 1,y = a, then P’ = 195 -y, is also
a path of [En(G)] where k& > 3. Let D = {a}. We consider the separat-
ing group (zyv1,S1; Ay, By) such that S} = {9, 23,24}, By = {x1,a}, A =
G — xqv; — S; — By. Obviously, D N By # O.

We consider the separating group (y;yi+1,5; A, B) of G, wherei = 1,2, ---,
k — 1, such that y; € B,y;11 € A, DN B # ) and |A| is as small as possible.
We claim that ¢ + 1 < k£ — 1 holds. Otherwise, y;11 = yi, i.e., y;x1 = a. Then,
a € AU S, which contradicts D N B # @. Therefore, i +1 < k — 1.
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We consider another separating group (y;11yi12,5; A, B') such that y;,1 €
B,y € A, and |A’| is as small as possible. We know that one of the four

conclusions of Lemma 6.2.1 holds. Now we discuss them as follows.

(1.) Conclusion (i) of Lemma 6.2.1 holds. It is easy to see that P’ + ax; is
a cycle of [En(G)]. Then each vertex of P is incident with at least two unre-
movable edges of G. However, from conclusion (i) we have that d(y;42) = 4
and y;42 is incident with three removable edges of G. Therefore, conclusion (i)

can not hold.

(2.) Conclusion (ii) of Lemma 6.2.1 holds. Then BNS' = {d} = {a} = DN B,
¢ € {x1, 29, 23,24}, and ac(= dc) is not in any 3-cycle of G. However, from
the definition of the helm, we know that ac(= ax;) for each j = 1,2,3,4 is in

two 3-cycles of GG, a contradiction.

(3.) Conclusion (iii) of Lemma 6.2.1 holds. Then {d} = BNS" = {a} = DNB.
Since ac € E(G), we have ¢ € {x,z9,x3,24}. Then ac belongs to two 3-cycles

of G. However, this is impossible in G. Therefore, conclusion (iii) cannot hold.

(4.) If conclusion (iv) of Lemma 6.2.1 holds. Then the theorem holds. This
completes the proof. [

Theorem 6.2.5 Let G be a 4-connected graph with property (x) and let Ly
be a mazimal 1-belt of G as defined in Definition 1.2.3 such that V(Li) =
{1, 29, 3,91, Y2,y3}. Suppose that P = lyly-- -1, is a path of [En(G)] such
that {l1, 1} C {z1, 23,51,

ys} and {za,y2} NV (P) = . Then G contains one of the following structures
L' as subgraph: 1-belt, (I > 1), helm, W -framework, W'-framework or l-bi-fan,
(I > 1), such that at least one inner edge of L' belongs to E(P U Ly).

Proof. We consider the following cases.

Case 1. [ = y3.
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By letting k = h+ 1,1, = yo, then P’ = Il - - - I, is also a path of [En(G)].
Let D = {x9,y2}, and consider a separating group (l1ls, S1; A1, B1) of G such
that [y € By, ly € A;. Next we will show that By N D # ). We distinguish the

following subcases.

Subcase 1.1. [} = z;.

We claim that zo € B;. Otherwise, o € S;. Since x1z9 € En(G), by
Theorem 2.1.2 we have |By| = 2. Let By = {l;,v1}, then v; € I'g(z1)NTg(x2).
If vy = yy, then Tg(y1) = {21, 22, Y2, w}, where w € V(G), which contra-
dicts the assumption that L; is a maximal 1-belt. If v; = x3, then I'g(z3) =
{2, Y2, 1, w}. It is easy to see that (xqy;,T) is a separating pair of G such
that T = {w, yo,x1}, and so xoy; € En(G), which contradicts the definition
of the [-belt. Therefore, x5 € B; holds, i.e., D N By # O.

Subcase 1.2. [} = y;.

Then if y, € S, since y12 € En(G), by Theorem 2.1.2 we have |B| = 2.
It is easy to see that By = {y1,22}, and so DN By # @. If yo € By, then
DN By #0.

Subcase 1.3. [} = x3.

We claim that D N By # . Otherwise, D N By = (). Since x3ys, r3xs €
E(G), we have z5,ys € S;. Since xox3 € En(G), by Theorem 2.1.2 we have
|B1| = 2. Let By = {3, v}, then it is easy to see that v; € I'g(x2) NTg(y2) N
Lg(z3). Then vy = y; holds, ie., y1x3 € E(G). Since xox3 € En(G), we
consider the separating group (xexs,T17;Cq, D) such that xo € Cy,z3 € Dy.
Then y1,y2 € T1. By Theorem 2.1.4, we have y;y2 € Er(G), which contradicts
the definition of the [-belt. Therefore, D N By # O.

We consider the separating group (l;l;11,S; A, B) of G such that [; €
B,lis1 € AL DN B # O and |A| is as small as possible. We claim that
i+ 1 <k —1. Otherwise, i + 1 = k holds. Then I, = y». From x9y> € E(G)
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we have that {2,492} C AU S, which contradicts D N B # (). Therefore,
t+ 1 <k —1 holds.

Case 2. [ = x3.

We consider the separating group (lyls, S1; A1, By) of G such that [; €
By,ly € Ay. Let D = {x9,y>}. Similarly, next we need to show that D N By #
Q.

If Iy = y;. From yjyo € E(G) we have that y, € By U S;. If yo € S,
since 1192 € En(G), by Theorem 2.1.2 we obtain |B;| = 2. Let By = {y1,v1}.
Then y1yov1y; is a 3-cycle of G. 1t is easy to see that v; = x5. Then DNB; # O.

By the symmetry of the maximal 1-belt, for the other cases we may apply
similar arguments to prove D N By # O.

Now we consider the separating group (I;l;41,5; A, B) such that [; € B,l;1; €
A, DN B # @ and |A] is small as possible, where i = 1,2--- h — 1. We claim
that i + 1 < h — 1. Otherwise, [, = x3 € A. Since xox3, Y23 € F(G), we have
that xq, 2 € AU S, which contradicts D N B # 0.

We consider the separating group (l;11li12,S5"; A, B') of G such that [;,; €
B’ l;1 € A" and |A'| is as small as possible. Then one of the four conclusions

of Lemma 6.2.1 holds. Here we discuss them as follows.

(1.) It is easy to see that each vertex of P is incident with at least two

unremovable edges, and so conclusion (i) of Lemma 6.2.1 cannot hold.

(2.) If conclusion (ii) of Lemma 6.2.1 holds, then we have that BN S" =
DN B = {d} C {x9,y2}. By the symmetry between z, and ys, without loss
of generality, we may assume that d = x5. For d = 1y, we may apply similar

arguments.
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By Lemma 6.2.1, we know that AN A" = {l;;2}, iz € AN B'. Let
ANS = {v,vn}. If vilis € Ex(G), we consider the corresponding sepa-
rating group (vil;40, T;C, K) such that v; € C,l;19 € K, and so v; € S'NC.

(2.1.) Ifl;;1 € B'N K. By the arguments analogous to that used in Case 1
of Theorem 6.2.3, we can get that |A'| =2,|KNA|=|ANT|=1,|CNS|=
2,|9NK| =1 Let KNS = {}L,ANT = {a},5NC = {v,w}. Then
by arguments analogous to that used in Case 1 of Theorem 6.2.3, we have
that ali2,av1 € Eg(G),blivo € ER(G), ab € Ex(G),d(a) = d(liy2) = 4. It is
easy to see that the [-belt is a subgraph of G, where | > 1, and T'¢(li12) =
{liz1,v1,a,b}. We claim that [; 5 is not an end-vertex of P. Otherwise, we have
livo € {x1,23,y1,y3}. Since BNS" = {x2}, and 1, x3,y; € ['g(x2), then this
is true only if l;;o = y3 holds. Let A’'N.S = {k}. Noticing that (kzo,T") is the
separating pair of G such that 7" = {l; 11} U (5" — {x2}), we have k € {3, x;}.
If k = x3, then 23y5 € E(G) and d(z3) = 4 must hold, which contradicts the
definition of the maximal 1-belt. If k¥ = z;, noticing that y, ¢ V(P), then
liv1 # Yo, and so we have that x1ys € F(G), a contradiction. Therefore, ;5 is
not an end-vertex of P. Since al;ys,bl;10 € Er(G), we have that [; 00, € E(P)

and [; 1507 is an inner edge of the [-belt. Hence, the theorem holds.

(2.2.) Ifl;41 € B'NT. Then by arguments analogous to that used in Case 2
of Theorem 6.2.3, we have that [,/,12 is an inner edge of one of the following
subgraphs of G: helm, W’ -framework, W-framework or [-belt. Therefore, the

theorem holds.

So, next we may assume that vil;,2 € Fr(G). For the case vsl;1 9 € Ex(G),
we may apply similar arguments as the case of vil;15 € En(G). So, next we
may assume that vel;i0 € Er(G). Let A’NS = {c}. Since P is a path of
[En(G)], and ;45 is not an end-vertex of P, we have l;,oc € Ex(G)N E(P). If
cv; € En(G), we consider the corresponding separating group (cvy, T'; C', D')
of G such that v; € C",c € D'. Obviously, l;,5 € T". Since cl; 2 € En(G), by
Theorem 2.1.2 we have |D’| = 2, and so D’ = {¢,vy}. Then, |[I'¢(c)NTg(va)| >
2. Noticing that v; € (, obviously this is impossible to hold in G. So,
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cv; € Eg(G). By analogous arguments, we have cvy € Er(G). It is easy to see

that cl;; o is an inner edge of an [-bi-fan, and so the theorem holds.

(3.) If conclusion (iii) of Lemma 6.2.1 holds. Then we have BNS' = DNB =
{d} C {x2,y2}. By the symmetry of z5 and ys, we may assume that d = ys.
Let ANS" ={v}, SNS ={w}, A NS ={c}. Then I'¢(c) = {liz2,v1,w,y2}.
Since cw € E([S]), by Theorem 2.1.4 we obtain cw € Er(G). By analogous

arguments as used in (2.1.) we can show that /;,5 is not an end-vertex of P.

(3.1.) If l;;0v1 € En(G). We consider the corresponding separating group
(lixov1, T;C, K) such that l;;o € K,vy € C. Then l;;0 € A NK,v €
NSl € B'. We claim that [;.; ¢ B'N K. Otherwise, [;;; € BNK, A" =
{liz2,c}. By arguments analogous to that used in Case 1 of Theorem 6.2.3,
we can get that A N K = {l;;2},ANT = {c},TNS = 0,TNB| =
NS =2|KNS| =1. Since wliyo € E(G), we have w € K NS". Let
Ay = (KNB)YU{w}, S = (T'NB)U{lis2},Bs = G —cw — Sy — Ay. Then
(cw, Se; As, By) is a separating group of G. So, cw € Ex(G), an contradiction
to cw € Er(G). Hence, l;11 ¢ B N K, and so [;;; € B'NT. By arguments
analogous to that used in Case 2 of Theorem 6.2.3, we have |A’| = |K| = 2 and
|[KNS'| =|A'NT| = 1. Noticing that c € A',w € ", T'¢(liv2) = {lit1, ¢, w,v1},
it is easy to see that K NS’ = {w}, A’ NT = {c}. By arguments analogous
to that used in Case 2 of Theorem 6.2.3, and noticing that cw € Er(G), we
see that [;11l;,2 is an inner edge of one of the following subgraphs of G: W'-

framework, W-framework or helm. Therefore, the theorem holds.
So, next we may assume that ;201 € Eg(G).

(3.2.) If wljo € En(G). We consider the corresponding separating group
(wliyo, T";C", D) of G such that w € C",l;,5 € D'. Then w € S'NC".

(3.2.1.) If l;;; € B'nD’. By arguments analogous to that used in Case
1 of Theorem 6.2.3, we know that wl; s is an inner edge of an [-belt, where

[ > 1, and cl; 2 € Er(G). Since l;;5 is incident with only two unremovable
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edges lj11li12, wliy 2, and [; 45 is not an end-vertex of P, we have wl; o € E(P).
Hence, the theorem holds.

(3.2.2.) Ifl;;; € BPNT'. Then by an argument analogous to that used in
Case 2 of Theorem 6.2.3, we know that [;11l;12 is an inner edge of one of the
following subgraphs of G: [-belt, W-framework, W’-framework or helm, and

so the theorem holds.
Therefore, next we may assume that wl; 1o € Er(G).

Since E(P) C Ex(G), we have cl;1o € En(G). If cv; € Ex(G), we consider
the corresponding separating group (cvy, T'; C', D) such that v; € C',c € D'.
Obviously, l;4o € T'. Since cliyo € En(G), by Theorem 2.1.2 we obtain
|D'| = 2. Let D' = {u,c}, then cul;ioc is a 3-cycle of G, and so this is
true only if v = w holds. Since cys(= cd) € E(G), we have yo € T", and so
wyy € E(G). We consider the separating group (cl;y2,77;C1, D1) such that
c € Cy,liy0 € Dy. Since cviljoc is a 3-cycle of G, we conclude vy € T}. Then
we have l;,0 € DyNT" v, € C'"NTy,c € D'NC,. By arguments analogous to
that used in Case 2 of Theorem 6.2.3, and by noticing that d(l;12) = 4, and
viliv2 € E(G), we can get that cl; o is an inner edge of one of the following

subgraphs of G: W’-framework or helm. Therefore, the theorem holds.

So, next we may assume cv; € Fr(G). It is easy to see that G contains an
[-bi-fan such that cl; - is an inner edge, where [ > 1. Analogous arguments
can lead to cl; o € E(P). So, the theorem holds.

(4.) If conclusion (iv) of Lemma 6.2.1 holds. Then the Theorem holds. This
completes the proof. [J

Corollary 6.2.1 Let G be a 4-connected graph with property (x) and let
L} be a maximal 1-co-belt of G defined as in Definition 1.2.4 with V(L)) =
{21, 29,3, T4, Y1, Y2, Y3 }. Suppose that P = lils - -1, is a path of [Ex(G)] such
that {xa, x5, 2} NV (P) = O and {l1,1,} C {x1,24,91,y3}. Then, G contains
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one of the following structures as subgraph: l-belt, (I > 1), W-framework,
W'-framework, helm or l-bi-fan, (I > 1), such that it has some inner edge(s)
belonging to E(P).

Proof. We distinguish the following cases to complete the proof.

Case 1. [, = z4. By letting &k = h + 1,l, = w3, then P’ = lily---1
is also a path of [En(G)]. Let D = {3, 23,92}, and consider a separating
group (lyly, S1; Ay, By) of G such that Iy € By, ly € A;. Next we show that
B1 N D # . We distinguish the following subcases.

Subcase 1.1. [ = x;.

We claim that zo € B;. Otherwise, x5 € Sj. Since x1x9 € En(G), by
Theorem 2.1.2 we have |By| = 2. Let By = {l;, v}, then vy € I'g(x1) NTg(xa).
If vy = y1, then I'g(y1) = {1, 22, Y2, w}, where w € V(G), which contradicts
the assumption that L is a maximal 1-co-belt. Obviously, v; & {x3,y2}, and
therefore o € By holds, i.e., DN By # Q.

Subcase 1.2. [} = y;.

Then if yo € Sy, since y1y2 € En(G), by Theorem 2.1.2 we have that
|B;| = 2. Tt is easy to see that By = {y1, 22}, and so DN By # O. If ys € By,
then DN By # Q.

Subcase 1.3. 1 = ys.

We claim that D N By # . Otherwise, D N By = @. Since x3ys, y2y3 €
E(G), we have z3,yo € Si. Since ypys € En(G), by Theorem 2.1.2 we have
|B1| = 2. Let By = {ys, v1}, then it is easy to see that v; € ['¢(y2) NTa(ys) N
I'¢(x3), which is impossible to hold in G. Therefore, D N By # O.

We consider the separating group (l;l;11,S;A, B) of G such that [; €
B,li,1 € A, DN B # O and |A| is as small as possible. We claim that
i+1 < k—1. Otherwise, i+ 1 = k. Then [, = x3. Since zyz3, Y273 € E(G), we
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have {xs, x3,y2} C AUS, which contradicts DNB # . Therefore, i+1 < k—1
holds.

Case 2. [, = y3.

By letting k = h+ 1,1, = yo, then P’ = 1l - - I}, is also a path of [Ex(G)].
Let D = {x9,23,y2}. We consider the separating group (l1la, S1; Ay, B) of G
such that [y € By, ly € A;. Similarly, next we need to show that D N By # O.

If Iy = yp. Since y1y2, Y102 € E(G), we have x9,yo € B1US;. If 9,y € S,
since 1192 € En(G), by Theorem 2.1.2 we obtain |B;| = 2. Let By = {y;,v1}.
Then v; = T'(y1) N T'a(y2) N T'a(22), which is impossible to hold in G. Then
DN By #0.

By the symmetry of the maximal 1-co-belt, for the other cases we may

apply similar arguments.

We consider the separating group (l;l;11,S5; A, B) such that [; € B,l;41 €
A, DN B # O and |A| is small as possible, where i = 1,2--- k — 1. We claim
that i + 1 < k — 1. Otherwise, [, = yo € A. Since oy, Y23 € E(G), we have
T9,x3,Ys € AU S, which contradicts D N B # .

We consider the separating group (l;11li42,5"; A’, B") of G such that [, €
B’ l;1o € A" and |A'| is as small as possible. By Lemma 6.2.1 we have that
one of the four conclusions of Lemma 6.2.1 holds. Here we will discuss them

as follows.

(1.) It is easy to see that each vertex of P is incident with at least two

unremovable edges, and so conclusion (i) of Lemma 6.2.1 cannot hold.

(2.) If conclusion (ii) of Lemma 6.2.1 holds. Then we have BNS'= DNB =
{d} C {z2, 23,92}
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First, we claim that /;,5 is not the end-vertex of P. Otherwise, we assume
that l;42 € {z1,24,y1,y3} holds. Let A'NS = {k}. Noticing that (kd,T") is
a separating pair of G such that 7" = {l,;1} U (8" — {d}), so kd € Ex(G). If
d = xq, since x179, x2y; € E(G), we have that [0 € {ys,x4}: (1.) If [j10 = x4,
it is easy to see that k € {zy,z3}. If k = x1, noticing that x5 ¢ V(P), then
lis1 # x3, and thus x123 € E(G), a contradiction; if k = x3, then we will have
that |I'g(xz3) N Tg(z4)| = 2, which is impossible in G. (2.) If l;15 = y3, we
claim that k£ # x3. Otherwise, we have ysxy € E(G) and d(y3) = 4, which
contradicts the definition of maximal 1-co-belt. Then only & = x; holds, this
implies |I'g(z1)NCa(ys)| = 2, z1y3 € E(G) and d(z1) = d(ys) = 4, which is im-
possible in G. Therefore, d # 5. By the symmetry of x5 and x3, we have that
d # x3. Therefore, d = yo holds. Hence ;19 € {x1,24} and k € {y1,y3}. (1.)
If l; 1o = x1: We claim that k # y;, otherwise, we have z1y; € E(G),d(y1) = 4,
which contradicts the definition of the maximal 1-co-belt. So k£ = y3 holds.
Then we have that |T'g(z1) NTg(y3)| =2 and z1y3 € E(G),d(z1) = d(y3) = 4
holds, which is impossible in G. (2.) If ;15 = x4, by the symmetry of z; and

x4, we may apply similar arguments to deduce that the assumption is not true.
From the above arguments, we conclude that [;, 5 is not the end-vertex of P.

We may apply arguments similar to that used in (2) of Theorem 6.2.5 to

show that the corollary is true.

(3.) If conclusion (iii) of Lemma 6.2.1 holds, then we have that BN S" =
DNB= {d} C {I’Q,xg,yg}.

We may apply arguments analogous to that used in (2) to show that ;-
is not an end-vertex of P. We may also apply arguments as used in (3) of

Theorem 6.2.5 to get that the corollary is true.

(4.) If conclusion (iv) of Lemma 6.2.1 holds, then the corollary is true. This
completes the proof. [
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6.3 The Number of Removable Edges in a
4-Connected Graph

Being well prepared by the results in the previous section, we are ready to

show the main results of this chapter.

Let M be a 5-wheel such that V(M) = {a,z,y,z,v} and a is its cen-
ter. Let T3,T,,T5,T, be four trees such that for each i € {1,2,3,4}, T;
has k vertices of degree one and |T;| — k vertices of degree four. Let the

ITi1=k) " and let the vertices of de-

vertices of degree four be u;(", 1;®, -+ u,!
gree one be z;(V, 2@ ... 2,0 Let My, M,,---, My be k copies of M and
a2 y0) 20) ) the vertices of M; corresponding to the vertices a, z,y, z,v
of M, respectively, where j = 1,2,---,k. For each j € {1,---, k}, identify
510 2,0 2,0 2,0 with 200, y@ ) 1) such that each of 2,0, 1,0, 250
249 identifies with one and only one of ), y@), 20) y0). Denote the resulting
graph by G. It is easy to see that GG is 4-connected. Next we show that for each
4-cycle C' = zWy2Wyl)z) of G, we have E(C) C Er(G), and the other
edges in G are unremovable, where j = 1,2,---, k. For yWu,) € E(G),
let S = {2000 20} A = a0y} B = G — y@u® — S — A, then
(yWu; D, S: A, B) is a separating group of G, and hence y9Wu;,) € En(G).
Symmetrically, we can show that x(u;V), 20y, 00y, € Ex(G), where
j=1,2,--- kji=1,2,3,41=1,2,---,|T|—k. For each edge a2 it is easy
to see that (a2 T) is a separating pair of G such that T' = {y¥), v() 4;0)}
and u;V29) ¢ E(G). By symmetry, we conclude aWy¥) ()20 ¢Wyl) ¢
EN(G). Using Corollary 2.1.3 it is easy to see that for each 4-cycle C' =
2y 20y z0) - we have E(C) C Egr(G). For each edge e of Tj, for ex-

1) it is easy to see that (e,S) is a separating pair of

ample, e = 13V,
G such that S = {us®, u3® u,V}. Therefore, for each edge e of T}, where
i = 1,2,3,4, we have that e € Ex(G), and so egr(G) = 4k,|T;| = (3k —
2)/2,(i=1,2,3,4),|G| = Tk — 4,er(G) = (4|G| + 16)/7. We denote the set of

all the above constructed graphs by .

Theorem 6.3.1. Let G be a 4-connected graph of order at least 5. If G is
neither C2 nor C2, then ep(G) > (4|G| + 16)/7 and the equality holds if and
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only if G € .

Proof. Let |G| = n,|E(G)| = m. We prove the theorem by induction on
(n +m). Since G is not C2, we have n > 6. If n = 6, since G is not CZ, we
obtain m > 13, (n 4+ m) > 19. It is easy to see that eg(G) > 9 > (4n + 16)/7.
For n = 7, the relation eg(G) > 9 > (4n+ 16)/7 is also easily seen. Therefore,
next we may assume that n > 8. We distinguish the following cases to com-

plete the proof.

Case 1. G does not have property (x), i.e., there exists an edge e = zy €
Er(G) such that d(z) > 5 and d(y) > 5 in G.

Then consider G © e = G — xy. It is easy to see that removable edges in
G —xy are also removable edges in G, and hence eg(G) > er(GSe)+1. Then,
|G| =|Geel,|E(Goe)| =m—1, and therefore |GOe|+ |E(GOe)| < n+m.
If G & e is either C2 or CZ, then egr(G) > 9 > (4n +16)/7. If G & e is neither
C2 nor C2, by the induction hypothesis we know that er(G) > er(GSe)+1 >
(4n +16)/7+ 1 > (4n + 16)/7 is true.

Next we may suppose that G has property (*).

Case 2. G contains a 2-bi-fan as subgraph.

By Theorem 6.2.1 we know that there exists an edge e € E(G) such that
er(G) > er(GSe)+ 1. Here, |[Goe|l =n—1, |E(GSe)| =m —3. Then,
IGEe|l+|E(G6e) <n+m. If GSe equals C2 or CF, then eg(G) > 10 >
(4n +16)/7. If G & e is neither C? nor Cg, by the induction hypothesis we
know that eg(G) > er(GSe)+1>[4(n—1)+16]/7+ 1 > (4n+ 16)/7.

Case 3. G contains an [-belt as its subgraph where [ > 3.

Then by Theorem 6.2.2 there exists an edge e € E(G) such that eg(G) >
er(Goe)+ 2. If GO eis either C2 or CZ, then er(G) > 12 > (4n + 16)/7.
If G © e is neither C2 nor CZ, by the induction hypothesis we know that
er(G) > ep(Goe)+2 > [4(n —2) +16]/7+ 2 > (4n + 16)/7.
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Case 4. For any edge e € Egr(G), when |G © e| = n, we have that
er(G) < eg(GSe); when |[Goe| = n—1, it follows that eg(G) < er(GEe)+1;
when |G & e| = n — 2, we deduce that eg(G) < er(G © €) + 2. Then we dis-

tinguish the following subcases.

Subcase 4.1. [Ex(G)] is a forest.

Then en(G) = n — t such that ¢ is the number of components in [Ey(G)].
Therefore, er(G) > 2n —n+t=n+t > (4n+ 16)/7.

Subcase 4.2. [En(G)] contains a cycle.

By Theorem 6.2.3 and by the above arguments in Cases 2 and 3 we get
that G contains some structures in T as its subgraphs. Let G contain k; max-
imal 1-belts, ks maximal 1-bi-fans, k3 maximal 1-co-belts, k; W-frameworks,
ks W'-frameworks, k¢ maximal 2-belts, k; maximal 2-co-belts, and h helms.

Let E; be the set of inner edges of the above-mentioned subgraphs. Then,

|Ey| = 2ky + ko + 3ks + 2ky + 3ks + 4k + 5k7 + 4h (1)

Let Ey = En(G) — E1, then we have the following results.

(1.) [Ep] is a forest. This follows from Theorem 6.2.3, Lemma 6.1.1, and the

definitions of the above-mentioned subgraphs.

(2.) Letr =3 _.(dx)—4) = > od(xr) —4n, then e(G) = 2n + /2.
Let ny = n — h — |[Eo]|, then n; > 0, and n; = 0 if and only if V(G) =
V([Eo]) U{a1,az,---,ap} such that a; is the center of a helm, where i =
1,2,---,h.

(3.) er(G) = e(G) — en(G),en(G) = |Eo| + |EL| = [[Eo]] —t + |Ey| =

n—ny —h —t+ |Ey|, where t is the number of components in [Ey].

By noticing the number of removable edges in the above-mentioned subgraphs,

we have the following result
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er(G) =e(G) —eny(G)=2n+r/2—n+h+n +t— |E|

> 3ky + 4kq + 4ks + Sky + ks + Sk + 6k7 + 4h. (2)

From the formulas (1) and (2), we have the following result
n+r/2—"Th+ny +t—5ky — bky — Thy — Tky — 8ks — kg — 11k; > 0.

Then,

6n + 3r —42h 4 6ny + 6t — 30k — 30ke — 42k3 — 42ky — 48k; — 54kg — 66k7 > 0,
and so

er(G)=n+r/2+n +t+h—|E| =4n/7+ (6n+ Tr + 14n; + 14t — 42h —
28ky — 14ky — 42k3 — 28k, — 42ks — 56ks — T0k;) /14

> 4n )7+ (6n+ 3r 4 6ny + 6t — 42h — 30k — 30ky — 42k3 — 42k, — 48k5 — bdke —

Therefore, er(G) > (4n + 16)/7 holds only if the following formula holds

Let L} be a maximal 1-co-belt. It is easy to see that xo € G—{ay, a9, -, a,}—
V([Eb]), and so L} will contribute 1 to ny. Since G contains k3 maximal 1-belts,
they contribute k3 to ny. Analogously, for each maximal 2-belt, it contribute
2 to nq, and so kg maximal 2-belts contribute 2kg to ny. For W/-frameworks,
maximal 2-co-belts and W-frameworks, we analyze them analogously. Then

we get the following formula

nq 2 kg + k4 + k5 + 2k‘6 + 3]€7 <5>

From the formulas (5) and (4), wobtain

A > 2r + 4t + ky + ko + 4ks + 11ky + Tks + Tkg + 10k-. <6>
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We now discuss the following cases.
(4.) h=0k=ky +hko+ks+ky+ks+ke+ ks <2

First, we claim that [En(G)] contains at most two cycles. Otherwise, sup-
pose that there are at least three cycles in [En(G)]. Then we consider a cycle
C1. By Theorem 6.2.4 and the assumption, we conclude that G contains some
structure H; € T as its subgraph such that H; has an inner edge e; on C}.
We consider another cycle Cy in [En(G)] — C;. Analogously, we have that G
contains some structure Hy € T as its subgraph such that Hs has an inner
edge ey on Cy. Last, we consider a cycle C3 in [En(G)] — Cy — Cy. Then, G
contains some structure Hs € T as its subgraph such that Hs has an inner edge
ez on (3. Since ey is an inner edge of Hy, but not of Hy, we have H; # Hs.
Analogously, H; # Hjz, Hy # Hz. By Lemma 6.1.1 we know that any two of
H,, H, and H3 do not have common inner edges, and so k > 3, a contradiction.
Therefore, there are at most two cycles in [En(G)]. So, en(G) < n+ 1, and
hence egx(G) > 2n—n—1> (4n+ 16)/7.

(5.) h=0,k=ky +ko+ks+ky+ks+ke+kr>3.

(5.1.) ki + k3 =0, and so kg + ks + ks + k¢ + k7 > 3. Noticing that ¢ > 1,

from formula (6) we obtain

A > 2r+4+T(ko+ky+ks+ke+kr)+ko+4ks+3ky > 4+ T(ka+ky+ks+ke+k7) >
25,

here the inequality (4) rigidly holds.

(5.2.) ki + ks > 1. We may assume that G contains a maximal 1-belt L,
such that V(L) = {z1, 29, 23,41, ¥2,y3}. By Theorem 6.2.5 we know that if
x3,11 € [Ep|, then ny > 2,¢t > 2. By the formulas (4) and (5) we see that

A >2r +3ny + 4t + (ki + k3) + 8ko + 8ky + 4ks + kg + k7 > 3ny + 4t + (k1 +
ko + ks +ky+ ks + ke + k7)) >6+8+3=17.
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If x5 € [Eol,1n € [Eo], then ny > 1,¢ > 3. Similarly, we get A > 18.

If x3,11 € [Fo], then t > 4, and so A > 19, here the inequality (4) rigidly
holds.

(6.) h > 1. Wetake ahelm H such that V(H) = {a, 1, 22, x3, T4, V1, U2, V3, Vg }.
By Theorem 6.2.4 we have that any two of the edges x vy, xovs, X303, T4v4 are
in different components, and so t > 4. By formula (6) we know A > 16,
ie., er(G) > (4n + 16)/7, and the equality holds only if k; = 0, where
i =1,2,---,7,r = 0,t = 4,n; = 0, i.e., [Fp] has only four components
Ty, 15,15, Ty, and V(G) = V([Eo]) U {a1,a2,---,ap}. Then from r = 0 we
know that G is a 4-connected and 4-regular graph. From eg(G) = 4h,en(G) =
10h — 8, we conclude that n = 7h — 4. Moreover, all edges except for
21 P2y @) 2o P @) 2 )y, ) g, () @) of each helm H, in G are unremov-
able, whereas different edges of z;Pv;®) of H, are in different components T3,
and every vertex v;(P) is of degree 1 in T}. Based on the above arguments, we
conclude that T; has h vertices with degree 1 and |T;| — h vertices with degree
4. Therefore, G € &. This complete the proof. [



Chapter 7

Removable Edges in a Spanning

Tree or outside a Cycle in a
4-Connected Graph

In this chapter we study the distribution of removable edges in a spanning tree
or outside a cycle in a 4-connected graph. We give examples to show that our

results are best possible in some sense.

7.1 Removable Edges on a Spanning Tree
Before we give the main result, we first show the following lemma.

Lemma 7.1.1. Let G be a 4-connected graph without any subgraph belonging
to R, and let [Ex(G)] be a tree. Then |[En(G)]| < |G| — 3.

Proof. By contradiction. Assume |[En(G)]| > |G| — 2. Let = be a vertex
of degree 1 in the tree [Ex(G)]. Since dg(x) > 4 and |[En(G)]| > |G| — 2,
there is a vertex y € [En(G)] such that zy € Er(G). Let P be a path join-
ing  and y in [Ex(G)], then P + zy is a cycle of G that contains precisely
one removable edge zy. We consider the cycle C' = y1ys...yry1 such that
nyr € Er(G), E(C) — {yiyr} € En(G), and the length of C' is as small as
possible in G.

Let D = {y;}. Consider the path P = y1y5...y; in [En(G)]. Consider

119
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a separating group (y1ys,S1; A1, B1) such that y; € Bi,ys € A;. Obvi-
ously, DN By # . We take i € {1,2,...,k — 1} and a separating group
(YiYir1,S; A, B) such that y; € B,y;41 € A, DN B # O and |A| is as small
as possible. We claim 1 + 1 < k — 1. Otherwise, i + 1 = k, then y, € A,
since y1yx € E(G) and y; € AU S, which contradicts D N B # . So,
i+ 1 < k—1. Then we take the separating group (y;+1¥i+2,5"; A’, B") such
that y;11 € B',y;s2 € A" and |A’| is small as possible. By Lemma 6.2.1 we

have that one of conclusions (i), (ii), (iii) or (iv) of Lemma 5.1.1 holds.

(1.) Conclusion (i) holds. Since y; € B, we have y, € BU S. So ;42 is not
an end-vertex of P, and so y; 2 associates with at least two unremovable edges

in G, which contradicts conclusion (i) of Lemma 6.2.1.

(2.) Conclusion (ii) holds. Thend =y;. Welet C' = A", T" = ANS"U{yis1}
and D' = G —cd —T" — C'. Then (cd, T';C’,D’) is a separating group of
G, and so c¢d € En(G). Since y1yr € Egr(G), we have ¢ # y,. Hence
ye € BN (BUS). Let AnS = {u,v}. Since y;42 is not an end-vertex
of P, we have {cy;ia, u¥ir2, vyir2} N En(G) # O. From Corollary 3.1.1 we
know that y; o is a vertex of some subgraph belonging to #, which contradicts

the assumptions. Hence, conclusion (ii) does not occur.

(3.) Conclusion (iii) holds. First we let C" = A" T = (8" — {d}) U{y;s1}
and D' = G —cd—T"— C". Then (cd,T';C’", D') is a separating group of G.
So c¢d € En(G), and hence ¢ # y,. Obviously, y;4o is not an end-vertex of P.
By an analogous argument as used in (2.), we can deduce that conclusion (iii)

does not occur.

(4.) From the assumption of the theorem, we know that conclusion (iv) does

not occur.

This complete the proof of Lemma 7.1.1. [J

Theorem 7.1.1. Let G be a 4-connected graph which does not contain any
subgraph belonging to ®. Then any spanning tree T of G contains at least one

removable edge.
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Proof. First, we claim that [Ex(G)] does not contain any cycle. Otherwise,
if [En(G)] contains a cycle. By Theorem 6.2.3 and its proof we know that G
must contain some a subgraph belonging to }, which contradicts the assump-

tion of the theorem.

If [En(G)] is a tree, then by Lemma 7.1.1 we have |[Ex(G)]| < |G| — 3.
Since |E(T)| = |G| — 1, we have |E(T) N Er(G)| > 2.

If [En(G)] is a forest with at least two components, then clearly the theo-
rem holds. [J

Here we give an example to show that the low bound of the theorem is

sharp.

Example 7.1.1. Let H be a helm as in Definition 2.1, such that V(H) =
{a, 1,20, 03, 74, 01,02, 3,4} and E(H) = {axy, axy, azs, axg, 1123, T23, L324,

LqT1, T1V1, ToV2, $303,$4U4}.

Let L = H — {v1,v2,v3,04}, and L’ be a copy of L such that V(L) =

{d’, 2}, b, x%, x),}. We construct a graph G as follows:

Let V(G) = V(L)UV (L) and E(G) = E(L)UE(L")U{x 23, zhal, z12), xoah,
x3xhy, 242y }. Obviously, G is a 4-connected graph which does not contain any
subgraph belonging to R. It is easy to see that (axs, {x1, x3, 2} }) is a separating
pair of G, and so axy € En(G). By symmetry, axy,a'z),d'zy € En(G). Sim-
ilarly, (x12, {2, 23, 24}) is a separating pair of G, and hence z12] € En(G).

By symmetry, we have xqoa), x32h, x40 € En(G).

Let T be a spanning tree of G such that E(T) = {z2}, xox), x3xh, 242}, a'x,
a'zy, ax’, axy,axs}. Then it is easily checked that there is only one removable

.03
edge a'x; in T'.
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7.2 Removable Edges outside Cycles

In this section we study the distribution of removable edges outside a cycle in

a 4-connected graph. First, we give the following definition.

Definition 7.1.1. Let C' be a cycle of a 4-connected graph G and H a
subgraph of G belonging to . If C' contains an inner vertex of H, then we
say that C' passes through H.

We prove two results on the existence of removable edges outside a cycle.

Theorem 7.2.1. Let G be a 4-connected graph and C be a cycle of G. If C
does not pass through any [-belt or l-co-belt, then there are at least two remov-

able edges outside C'.

Proof. By contradiction. Assume that there is at most one removable edge
outside C. Let F' = (E(G) — E(C)) N Er(G). Then |F| < 1. We denote
E(G)— E(C)— F by Ey. If C does not pass through any subgraph belonging
to R, we take the separating group (uw, S’; A’, B') such that v € A", w € B’
and uw € Fy. Since |F| < 1, we know that either (E(A)U[A,S)NF =0
or (E(B)U[S,B])NF = O hold. Without loss of generality, we may as-
sume (E(A)U A, S)NF = @. If C passes through a subgraph H of G
that belongs to R, noticing that H is neither an [-belt nor an [-co-belt, then
from the definition of & we have the following discussion: If H is a maximal
[-bi-fan (I > 1), then | = 1. If C C E(H), then according to the assump-
tion we have egr(G) < 5. Obviously, |G| > 7. By Theorem 6.3.1 we have
er(G) > (4|G| + 16)/7 > 5, a contradiction. So we have F'N E(H) # @. By
letting S" = {a,b,x24},e = 2921, B’ = {29, 23} and A/ =G —e— 5" — B, we
get that (e, S’; A’, B') is a separating group of G such that A’ does not contain
any inner vertex of the maximal [-bi-fan, and F' N (E(A") U E([A",5"])) = O.
If H is a helm, we use a similar argument to get F'N E(H) # . By letting
e = x1v1, 5" = {vg,v3, 04}, B' = {a, 1,29, 23,24} and A =G —e— 5" — B, we
get that (e, S"; A', B') is a separating group of G such that A’ does not contain
any inner vertex of the helm, and FFN (E(A")UE([A,S])) =0. If H isa W-

framework, according to the assumption we must have F' = y,y3. In this case,
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by letting e = wox1, 5" = {x3,ys,y2}, B = {xa,y3} and A’ = G—e— 5" — B, we
get that (e, S"; A’, B) is a separating group of G such that A’ does not contain
any inner vertex of the W-framework, and F N (E(A) U E([A,S"])) = 0. If
H is a W'-framework, according to the assumption we have E(C) C FE(H)
and F' C E(H). Then, egr(G) = 5. However, by Theorem 6.3.1 we have
er(G) > (4|G| +16)/7 > 5, a contradiction.

Since A" is an Ey-edge-vertex cut fragment, A’ must contain an FEy-edge-
vertex cut end-fragment as its subgraph, say A. Then we have (E(A)U[A, S])N
F = 0, and we take the corresponding separating group (xy, S; A, B) such that
r € AyeEB.

We distinguish the following cases to complete the proof.

Case 1. |A|=2.

Then, either A is a 1-edge-vertex cut atom or a 2-edge-vertex-cut atom.
Let A = {x,z} and S = {a,b,c}. If A is a l-edge-vertex-cut atom, and
{zz,za,2b} N Ex(G) # O, from Corollary 3.1.1 we have that = is an in-
ner vertex of some subgraph belonging to R, a contradiction. So, we have
xz,xa,zb € Er(G). Since C is a cycle, then F N E(A) # O, a contradic-
tion. Suppose now that A is a 2-edge-vertex-cut atom, it is easily checked that
FN(E(A)U[A,S]) # @. The theorem holds.

Case 2. |A]| > 3.

Since C' is a cycle of G, and (E(A) U[A,S])NF = O, there exists zz €
EyNE(AUA,S]). Obviously, z ¢ S, otherwise we would have |A| = 2. We
take the separating group (xz, S1; A1, By) such that x € Ay, z € B;. Then we
have © € AN A, and z € AN B;. Hence one of the three conclusions of Lemma
5.1.1 holds.

(1.) Since C is a cycle and (E(A) U [A,S])NF = @, conclusion (i) does

not occur.



124 CHAPTER 7. REMOVABLE EDGES OUTSIDE A CYCLE

(2.) Suppose that conclusion (ii) holds. Since B’ is a 1-edge-vertex-cut
atom, by noticing F N (E(A)U E([A, S])) = O, we can use a similar argument

as used in Case 1 to show that the conclusion of the theorem holds.

(3.) Finally, suppose that conclusion (iii) holds. Let B’ NS = {x, 22}
and AN B = {z3}. By combining the conclusion of Lemma 5.1.2, we have
21, 29 € Er(G). Since |B’| > 3, from Theorem 2.1.2 we have y'z3 € Er(G).
Note that C'is a cycle of G, and F'N (E(A)U[A, S]) = @, which is impossible
to hold. So, the theorem holds.

This complete the proof. [J

We give an example to show that the result of Theorem 7.2.1 is best pos-
sible.

Example 7.2.2. Let H be a helm as in Definition 1.2.1, V(H) = {a, 1, 22, x3,
Xy, V1, V2, Vs, U4}7 E<H) = {al'l, Ao, AT3, AT 4, L1X2, L2X3, T3X4, X471, T1V1, T2V2,

T3U3, T4Vs }.

Let L = H — {vy,vq,v3,v4}, and L’ be a copy of L such that V(L) =

{d’, 2}, b, x5, x;}. We construct a graph G as follows:

Let V(G) = V(L)UV (L) and E(G) = E(L)UE(LU{z12], xoxh, x32%, T42) }.
Obviously, G is a 4-connected graph. It is easy to see that (aza, {z1, x3, 2} }) is a
separating pair of G, and so axe € En(G). By symmetry, azy, axy, axs, a'x], a'xh,
a'zh,d'zl, € Ex(G). It is easy to see that (zy2), {x2,z3,24}) is a separating
pair of G, and hence z12] € Eyx(G). By symmetry, we have xoxh, x32%, 242 €

En(Q).

Let C be the cycle zyx4x3200 2 xq. Clearly, C' does not pass through
any [-belt or [-co-belt. It is easy to see that C' is a cycle outside which there

! .
are exactly two removable edges z 22, 7| 75.
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Theorem 7.2.2. Let G be a 4-connected graph and C a cycle of G. If C
passes through only one (mazimal) [-belt or l-co-belt, then there is at least one

removable edge outside C.

Proof. By contradiction. Assume that there is no removable edge outside
C. Let Ey = E(G) — E(C). Suppose that C' passes through a subgraph H in
R. If H is one of the following structures: helm, W’ -framework, W-framework
or [-bi-fan, then we can apply similar arguments as used in the proof of Cases
1 and 2 of Theorem 7.2.1 to show that the conclusion is true. So, we may
suppose that H is either a (maximal) [-belt or [-co-belt. If H is a maxi-
mal [-belt as in Definition 1.2.3, from the assumption it is easy to see that
Ey C E(C), and 2oz € Ey. By letting S = {yi102,T112, 01}, € = 2221, B =
{za, -, 111, Y2, Ys1}, A =G —e— S — B, we get that (e,5;A,B) is a
separating group of GG such that A does not contain any inner vertex of H, if
H is a maximal [-co-belt as in Definition 1.2.4, similarly, we have zyxy € Ej.
By letting S = {yi42, T143, %1}, € = 2221, B = {22, -+, T142,Y2,- -, Y141} and
A= G—e—S5— B, we get that (e, S; A, B) is a separating group of G such that
A does not contain any inner vertex of H. We can apply similar arguments as

used in Cases 1 and 2 of Theorem 7.2.1 to complete the proof of the theorem. [

We complete this chapter by presenting two examples to show that if a
cycle C'in a 4-connected graph G contains two [-belts or [-co-belts, then there
could be no removable edge outside C' of G. So in this sense the condition of
the Theorem 7.2.2 is best possible.

Example 7.2.3. Let H be an [-belt as in Definition 7.2.3, H' be a copy of
H such that V(H,) = {‘xllv'r,% T 7x2+27 yia yév e 7yl/+2} and E<H,) = El(Hl) U
Ey(H') where Ey(H') = {2y, 25wy, - - 7x2+1x;+2> YiYa, Yolss 7yl,+13/;+2} and
Ey(H') = {125, 25Y5, Y525, -+ YiT41: T Yy Yi Plse - Identify vertex a
with y}, vertex y; with 3, ,, vertex y;4o with a7 ,,, vertex ;1o with #}. Then
join vertex w10 with g, vertex y; with xj,,. Denote the resulting graph by
G. It is easily checked that G is a 4-connected graph and (z2y), {y1, Z3,93})
is a separating group of G, hence zyy; € En(G). Similarly, we can show

{y1y2+17 yz+1I§+2> 257112} C En(G). Let C be the cycle y1xayszs . .. 11Y1417112
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Y1THYs - - 1Y 1T140%1- Then it is easy to see that there is no removable edge

outside C.

Example 7.2.4. Let H be an [-co-belt as in Definition 1.2.4, H' be a copy
of H such that V(H') = {a],25, -+, 2] 0, T 3, Y1, Yo, - Yipo) and E(H') =
By (HY)UE,(H'), where Ey(H') = {2}l 2t -, Ty}, Ty gl Y1 Yith
.. / / d E H/ _ ! .0 !, ! 0 - / / / / / /
YiYiaot and Eo(H') = {y4ah, 25y5, o5, -, Tla Y1, Vi1 Tlras TiaYise )
First, delete vertices 1, 27, w143, 7j,4 from H and H’, respectively. Then
join vertex @i o with y,,, vertex y; with 3}, vertex xj,, with y;4,, vertex x,
with x5, vertex y, with y;,,, vertex 3| with 42, respectively. Denote the
resulting graph by G. It is easily checked that G is a 4-connected graph, and
(1Y), {¥i42: Yiy0, ¥5}) is a separating group of G, and so y1y; € En(G). Simi-
larly, (2142940, {¥1, Tiv1, Yrea}), (2225, {y1, 23, y3}) and (yir2x] 0, {2740, ¥ Y40 })
are separating groups of G, and so {12y 9, TaZh, Yir22] o} C En(G). Let C
be the cycle y122y273 . . . Tr1Yi1Ti2Yi2Y1T9Ys - - - T Y1104 0¥ o¥1- Then it

is easy to see that there is no removable edge outside C'.
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